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ABSTRACT
Some g e n e r a l  r e s u l t s  f o r  t h e r m o e l a s t i c  q u a n t i t i e s  a r e  
d e r i v e d  by c o n s i d e r i n g  a s o l i d  i n  d i f f e r e n t  s t a t e s  o f  s t r a i n e d  
r e f e r e n c e  f r a m e s .  I t . i s  shown t h a t  s im p le  r e l a t i o n s h i p s  h o l d  
b e tw e e n  t h e  n t h  o r d e r  and  t h e  volume d e r i v a t i v e s  o f  ( n - 1 ) t h  
o r d e r  e l a s t i c  c o n s t a n t s .  E x p l i c i t  e x p r e s s i o n s  f o r  t h e s e  
r e s u l t s  a r e  o b t a i n e d  f o r  a c u b i c  s o l i d .
The c o n t r i b u t i o n  t o  t h e r m o e l a s t i c  p r o p e r t i e s  o f  t h e  i n e r t  
g a s  s o l i d s  Ne, A s Kr and Xe f o r  l o n g - r a n g e  t h r e e - b o d y  f o r c e s  
o f  t h e  form g i v e n  by A x i l rod : :  and T e l l e r  a r e  c a l c u l a t e d .  The 
s e co n d  o r d e r  e l a s t i c  c o n s t a n t s  C ^  and  t h e  t h i r d  o r d e r  e l a s t i c  
c o n s t a n t s  a r e  c a l c u l a t e d  a t  t h e  a b s o l u t e  z e r o  a s su m ing  o n l y
tw o-body  f o r c e s .  The a p p ro a c h  employed h e r e  was n o t  t h e  
s t a n d a r d  l a t t i c e  d y n a m ica l  m e th o d s .  I n s t e a d ,  an  E i n s t e i n  
model m o d i f i e d  f o r  a n i s o t r o p i c  e f f e c t s  and  i n c l u d i n g  c o r r e l a t i o n  
a s  a p e r t u r b a t i o n  was u s e d .  T h i s  model was fo u n d  t o  be  more 
f l e x i b l e  t h a n  t h e  s t a n d a r d  l a t t i c e  d y n a m ica l  a p p r o a c h .  Where 
p o s s i b l e  c o m p a r i s i o n  w i t h  s t a n d a r d  l a t t i c e  d y n a m ic a l  m e th o ds  
was made.
I t  i s  shown t h a t  a l t h o u g h  b o t h ,  t h e  t h r e e - b o d y  f o r c e s  and  
t h e  two-body  z e r o - p o i n t  e f f e c t s  v i o l a t e  t h e  Cauchy r e l a t i o n s  
t h e y  do so i n  o p p o s i t e  s e n s e .  I n  t h e  c a s e  o f  some o f  t h e  
i t  i s  fo u n d  t h a t  c o n t r i b u t i o n s  due t o  t h r e e - b o d y  f o r c e s  and 
tw o-body  z e r o - p o i n t  e f f e c t s  a r e  o f t e n  l a r g e r  t h a n  t h e  c l a s s i c a l  
tw o -b od y  c o n t r i b u t i o n s  and d i f f e r i n g  i n  s i g n .
The c a l c u l a t i o n s  o f ,  t h e  have  f u r t h e r  shown t h a t  i n  a
c e r t a i n  i n s t a n c e  i t  i s  p o s s i b l e  t o  d i s t i n g u i s h  b e tw e e n  t h e  
c o n t r i b u t i o n s  o f  t h e  3 -body  f o r c e s  and t h e  tw o -bo d y  z e r o - p o i n t  
e f f e c t ,  w hich  i s  n o t  p o s s i b l e  i n  t h e  c a s e  o f  t h e  •
A method i s  p r e s e n t e d  t o  c a l c u l a t e  i n  a s im p le  manner
t h e  c o n t r i b u t i o n  o f  t h e  z e r o - p o i n t  e n e r g y  and  t h e  f r e e - e n e r g y
a t  f i n i t e  t e p e r a t u r e s  t o  t h e  e l a s t i c  c o n s t a n t s .  I n  t h e  c a s e
o f  t h e  C . .  where  c o m p a r i s i o n  w i t h  r e f i n e d  l a t t i c e  d y n a m ic a l  
J
m ethod  a r e  a v a i l a b l e ,  good a g re e m e n t  i s  f o u n d .  The m ethod  a l s o  
e n a b l e d  u s  t o  a s s e s s  t h e  many p a r t i c l e  c o r r e l a t i o n  e f f e c t s .
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FORWARD
B e f o r e  b e g i n n i n g  t h e  t h e s i s  p r o p e r ,  t h i s  i s  p e r h a p s  an  
a p p r o p r i a t e  p o i n t  a t  which  t o  b r i e f l y  m e n t io n  t h e  m o t i v a t i o n  
b e h i n d  t h e  p r e s e n t  r e s e a r c h  and p r e p a r e  t h e  r e a d e r  f o r  t h e  
manner  o f  i t s  p r e s e n t a t i o n  i n  t h i s  t h e s i s .
T h i r d - o r d e r  c o n s t a n t s  p l a y  an  i m p o r t a n t  r o l e  i n  s o l i d - s t a t e  
p h y s i c s o  They a l l o w  an  e v a l u a t i o n  o f  f i r s t - o r d e r  a n h arm o n ic  
t e r m s  o f  t h e  i n t e r a t o m i c  p o t e n t i a l s  o r  o f  g e n e r a l i z e d  G r u e n e i s e n  
p a r a m e t e r s ,  which  e n t e r  t h e  t h e o r i e s  o f  a l l  anh a rm o n ic  
phenomena,  su ch  a s  t h e  i n t e r a c t i o n  o f  a c o u s t i c  an d  t h e r m a l  
phonons  and  e q u a t i o n s  o f  s t a t e .
I n  t h e  l a s t  d e c a d e  e x t e n s i v e  t h e o r e t i c a l  r e s e a r c h  h a s  b e e n  
c a r r i e d  o u t  c o n c e r n i n g  t h e  many-body phenomena i n  t h e  R a re  Gas 
C r y s t a l s  (RGC). I t  h a s  b e en  r e c o g n i z e d  t h a t  a s  t h e  a n i s o t r o p y  
o f  a  p a r t i c u l a r  therm odynam ic  q u a n t i t y  i n c r e a s e s  t h e  s i m p l e r  
i t  becomes t o  d i s t i n g u i s h  b e tw e e n  t h e  many-body i n t e r a c t i o n s  
and  t h e  a l r e a d y  w e l l  e s t a b l i s h e d  two-body  i n t e r a c t i o n s  i n  RGC. 
Thus t h e  s t u d y  o f  t h e  t h i r d - o r d e r  e l a s t i c  c o n s t a n t s  was 
u n d e r t a k e n .
I n  C h a p te r  1 some new r e s u l t s  c o n c e r n i n g  a hom ogeneous ly  
s t r e s s e d  media  a r e  p r e s e n t e d .  I n  C h a p te r  2 t h e  c o n t r i b u t i o n  
o f  t h e  many-body i n t e r a c t i o n s  t o  t h e  second  and t h e  t h i r d  o r d e r  
e l a s t i c  c o n s t a n t s  a r e  c a l c u l a t e d .  The e f f e c t s  o f  t h e s e  
i n t e r a c t i o n s  and t h e  two-body  i n t e r a c t i o n s  on t h e  Cauchy 
r e l a t i o n s  a r e  d i s c u s s e d .
I n  C h a p te r  3 an E i n s t e i n  model m o d i f i e d  f o r  a n i s o t r o p i c
e f f e c t s  ana  c o r r e l a t i o n  i s  p r e s e n t e d .  The model i s  a p p l i e d  
t o  c a l c u l a t e  z e r o - p o i n t  e n e r g y  c o n t r i b u t i o n s  t o  t h e  e l a s t i c  
c o n s t a n t s .  The r e s u l t s  a r e  a p p l i e d  t o  i n v e s t i g a t e  t h e  e r r o r s  
i n v o l v e d  i n  n e g l e c t i n g  t h e  m a n y - p a r t i c l e  c o r r e l a t i o n  e f f e c t s .  
C h a p t e r  ^  i s  a n a t u r a l  e x t e n s i o n  o f  t h e  method u s e d  i n  C h a p te r  3 
t o  n o n - z e r o  t e m p e r a t u r e s .  E x p r e s s i o n s  f o r  t h e  t e m p e r a t u r e  
d e p en d e n ce  o f  t h e  e l a s t i c  c o n s t a n t s  a r e  d e r i v e d .  The r e s u l t s  
o b t a i n e d  i n  t h e  t h e o r i e s  a r e  summarized and p o s s i b l e  e x t e n s i o n  
o f  t h e  t h e o r y  a r e  s u g g e s t e d .  .. W herever  p o s s i b l e  t h e  m a t h e m a t i c s  
i n  d e r i v a t i o n s  i s  p l a c e d  a t  t h e  end  o f  e a c h  C h a p t e r .  I t  i s  
hoped  t h i s  w i l l  p r o v i d e  f o r  more f l u e n t  r e a d i n g .
CHAPTER 1
THRMOELASTICITY OF HOMOGENEOUSLY STRESSED CRYSTALS
1 .  I n t r o d u c t i o n
- Of t h e  many d i f f e r e n t  ways o f  d e f i n i n g  e l a s t i c  c o n s t a n t s  
( s e e ,  e . g ,  T h u r s t o n  196*4-, L e i b f r i e d  and Ludwig 1961 B a r r o n  
and  Munn 1970,  W a l la c e  1970) t h e  s i m p l e s t  t h e r m o d y n a m i c a l l y  
i s  t o  d e f i n e  them a s  d e r i v a t i v e s  o f  an  a p p r o p r i a t e  e n e r g y  
f u n c t i o n s  w i t h  r e s p e c t  t o  t h e  TLd,grange f i n i t e  s t r a i n  
p a r a m e t e r s t ] . . .  I n  p a r t i c u l a r  t h e s e  e l a s t i c  c o n s t a n t s  when 
e v a l u a t e d  a t  t h e  r e f e r e n c e  c o n f i g u r a t i o n  a r e  c o e f f i c i e n t s  
i n  t h e  e x p a n s i o n s  o f  t h e  s t a t e  e n e r g y  f u n c t i o n s  a b o u t  t h e  
r e f e r e n c e  c o n f i g u r a t i o n  i n  powers  o f  t h e  s t r a i n  17^  .
v
The c o e f f i c i e n t  T., o f  t h e  l i n e a r  t e rm  i n  t h e  e x p a n s i o n
W
g i v e s  t h e  e q u i l i b r i u m  c o n d i t i o n  and i s  j u s t  t h e  Cauchy 
s t r e s s  t e n s o r  0 :^  e v a l u a t e d  a t  t h e  r e f e r e n c e  f r a m e .  By 
t r e a t i n g  t h e  c o n f i g u r a t i o n  r e a c h e d  by t h e  d i s p l a c e m e n t  rj ^  
a s  a new r e f e r e n c e  f ram e and t h e n  f i n d i n g  t h e  new
o
c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  T . •,  one c an  o b t a i n  t h e  Cauchy 
s t r e s s  t e n s o r  Or.  e v a l u a t e d  i n  t h e  s t r a i n e d  c o n f i g u r a t i o n-LJ
( s e e  B a r r o n  and  Munn 1 9 7 0 ) .  T h i s  same p r o c e d u r e  may be 
a p p l i e d  t o  e v a l u a t e  t h e  e x p r e s s i o n s  f o r  t h e  h i g h e r  o r d e r  
e l a s t i c  c o n s t a n t s  e v a l u a t e d  i n  t h e  s t r a i n e d  c o n f i g u r a t i o n *
The e l a s t i c  c o n s t a n t s  t h u s  d e f i n e d  c an  be  d i f f e r e n t i a t e d  
w . r . t .  t h e  vo lum e.  A g e n e r a l  r e l a t i o n s h i p  h o l d s  b e tw e e n  t h e  
e l a s t i c  c o n s t a n s t s  o f  o r d e r  n and  t h e  volume d e r i v a t i v e s  o f  t h e  
e l a s t i c  c o n s t a n t s  o f  o r d e r - n - 1 «  A lso  t h e  volume d e r i v a t i v e s  
o f  t h e  e n e r g y  s t a t e  f u n c t i o n s  can  be c a l c u l a t e d  f rom  t h e
e l a s t i c  c o n s t a n t s .
The b u l k  modulus i s  d e f i n e d  as  t h e  i n v e r s e  o f  t h e  
c o m p r e s s i b l i t y . F o r  f l u i d s  where g e n e r a l  e q u i l i b r i u m  
therm odynam ics  i s  d e s c r i b e d  i n  p r e s s u r e - v o l u m e  v a r i a b l e s  
t h e  i s o t h e r m a l  b u l k  modulus f o r  exam ple ,  i s  g i v e n  by t h e  
q u a n t i t y  V(6 % /  5v.^)T .. F o r  n o n - c u b i c  s o l i d s  u n d e r  i s o t r o p i c  
p r e s s u r e  t h e r e  i s  a d i s c r e p a n c y ■be tw ee n  t h e  i s o t h e r m a l
_ r \  a
b u l k  modulus c a l c u l a t e d  from t h e  q u a n t i t y  V(O F /  'bv ^ a n d  
t h a t  c a l c u l a t e d  from t h e  i s o t h e r m a l  c o m p r e s s i b i l i t y .
I n  t h e  p r e s e n t  c h a p t e r  t h e  above m e n t io n e d  d i s c r e p a n c y  
i s  i n v e s t i g a t e d .  E x p r e s s i o n s ’ f o r  t h e  d i f f e r e n c e  b e tw ee n  
i s o t h e r m a l  and a d i a b a t i c  e l a s t i c  c o n s t a n t s  a r e  d e r i v e d  i n  
t e r m s  o f  volume d e r i v a t i e s  o f  t h e  s t a t e  f u n c t i o n s  F( t h e -  
Helmhcltz f r e e  e n e r g y )  and  U ( t h e  i n t e r n a l  e n e r g y )  ♦ F o r  a 
c u b i c  s o l i d  u n d e r  i s o t r o p i c  p r e s s u r e  t h i s  d i f f e r e n c e  c an  be 
m ost  r e a d i l y  worked o u t  from c o n v e n t i o n a l  f l u i d  the rm odynam ic
^ Fund am en ta l  c o n c e p t s .
Among t h e  c o n c e p t s  u n d e r l y i n g  t h e  t h e o r y  o f  an  e l a s t i c  
con t inuum  a r e :  t h a t  e a c h  p o i n t  o f  t h e  con t inuum  p r e s e r v e s  
i t s  i d e n t i t y  i n  a l l  c h ang es  o f  t h e  i n t e r n a l  c o n f i g u r a t i o n ;  
t h a t  i n  such  chan g es  n e i g h b o u r i n g  p o i n t s  r e m a in  n e i g h b o u r s  
(T opo logy  i s  u n c h a n g e d ) ;  t h a t  any r e g i o n  o f  t h e  body 
p o s s e s s e s  a d e f i n i t e  m ass ;  t h a t  a t  e ac h  p o i n t  t h e r e  i s  an 
e l a s t i c  s t r e s s  d e t e r m i n e d  by t h e  c o n f i g u r a t i o n  i n  t h e  
n e ig h b o u rh o o d  o f  t h e  p o i n t  and t h a t  t h e r e  i s  a u n i q u e  
p o t e n t i a l  e n e rg y  a s s o c i a t e d  w i t h  any g i v e n  ch ange  o f  i n t e r n a l  
c o n f i g u r a t i o n .
F o r  t h e  therm odynam ic  c a l c u l a t i o n s , t h e  c r y s t a l  i s  
c o n s i d e r e d  t o  be a homogeneous,  a n i s o t r o p i c  e l a s t i c  medium. 
The a p p l i e d  s t r e s s e s  a r e  u n i f o r m ,  i . e .  c o n s t a n t  on a g i v e n  
c r y s t a l  s u r f a c e  and t h e  r e s u l t i n g  s t r a i n s  a r e  homogeneous 
i . e .  u n i f o r m  t h r o u g h o u t  t h e  c r y s t a l .  The p o s i t i o n  o f  a 
s m a l l  e le m e n t  o f  mass . i s  d e n o t e d  by X i n  t h e  i n i t i a l  
c o n f i g u r a t i o n ,  and by Y i n  t h e  f i n a l  c o n f i g u r a t i o n .  F o r  
homogeneous s t r a i n s ,  t h e  v e c t o r s  X and Y a r e  r e l a t e d  by a 
l i n e a r  t r a n s f o r m a t i o n  a c c o r d i n g  t o
Y i .  = 0Ci jX j  ; ( 1 . 1 )
where  t h e  i n d i c e s  i , j  r e p r e s e n t  C a r t e s i a n  c o - o r d i n a t e s  and 
t a k e  on t h e  v a l u e s  1 , 2 , 3 .  Here  and  e l s e w h e r e  we u s e  t h e  
summation c o n v e n t i o n  f o r  r e p e a t e d  s u f f i x i e s  ( f o r  e x a m p le ,  
CX^Xj d e n o t e s  ^ i X ' j +C^2^ 2+^ 3^‘3 ^  a l s o  f o l l o w s  from
t h e  d e f i n i t i o n  o f  t h e  t r a n s f o r m a t i o n ,  t h a t
<X = b Y j /  b x , .  ( 1 . 2 )
F o r  homogeneous s t r a i n s ,  C& . a r e  c o n s t a n t s ,  ind ependenden t-  o f
t h e  l o c a t i o n  i n  t h e  c r y s t a l .  The d i s p l a c e m e n t  i n  t h e  s t r a i n
— ^  
f rom X t o  Y i s  t h e  v e c t o r  U d e f i n e d  by
U1 = Yi  “ Xi  • ( 1 *3 )
The d i s p l a c e m e n t  g r a d i e n t s  a r e
U , , = b u , /  b x , . (1 .^)
10 i  J
The two s e t s  o f  d e f o r m a t i o n  p a r a m e t e r s  a r e  o b v i o u s l y  r e l a t e d  
a c c o r d i n g  t o
where  i s  t h e  K ro n e c k e r  d e l t a .  The U.^ a r e ,  o f  c o u r s e ,  
a l s o  c o n s t a n t s  f o r  a homogeneous s t r a i n .  The sym m etr ic  
f i n i t e  s t r a i n  p a r a m e t e r s  o f  Murnaghan 0 9 5 1  )> a l s o  c a l l e d  
Lagi^rvgian s t r a i n  p a r a m e t e r s ,  a r e
= i (a k i ° k r 6i j >  = i  ( u i j +uj i +\ i \ P  •
I f  Y* and X* a r e  t h e  v e c t o r s  b e tw ee n  two m a t e r i a l  p a r t i c l e s  
i n  t h e  f i n a l  and  i n i t i a l  c o n f i g u r a t i o n s ,  r e s p e c t i v e l y  t h e n  
i t  i s  e a s y  t o  show
% ■  a .
lAYlHAXl = 2 H. . X. X , .  ( 1 . 7 )•** J
T h i s  i s  t h e  i m p o r t a n t  p r o p e r t y  o f  t h e  sym m etr ic  f i n i t e  s t r a i n  
p a r a m e t e r s  : t h e  d i s t a n c e  b e tw ee n  a i l  p a i r s  o f  m a t e r i a l  
p a r t i c l e s ,  and h e nce  t h e  r e l a t i v e  p o s i t i o n s  o f  a l l  t h e  
m a t e r i a l  p a r t i c l e ' s ,  a r e  c o m p l e t e l y  s p e c i f i e d  by t h e  i n i t i a l  
c o n f i g u r a t i o n  X* anc* 9 i j  > ^ o r  c o n s t a n t  f j ^ y
T here  a r e  two u s e f u l  i d e n t i t i e s  which  r e f l e c t  t h e  
g e o m e try  o f  s t r a i n ;  t h e s e  a r e ;
V (Y )/  V(X) = J =  d e t  ( 0 C , ) ;  (1-v8)
J- J
( 5 j /  boc .)  = c o f a c t o r  OG . .  ( 1 . 9 )
•L J J
The s t r a i n - e n e r g y  d e n s i t y  f o r  a homogeneous s t r a i n  c a n  be 
w r i t t e n  as  (W-W)/ V, where W and  V a r e  t h e  e n e r g y  and  volume 
i n  t h e  r e f e r e n c e  c o n f i g u r a t i o n  X. Here  W may r e f e r  e i t h e r  
t o  t h e  H e lm ho l tz  f r e e  e n e rg y  F u s e d  i n  t h e  d e v i v a t i o n  o f  t h e  
i s o t h e r m a l  e l a s t i c  c o n s t a n t s  o r  t o  t h e  i n t e r n a l  e n e r g y  U 
u s e d  i n  t h e  d e v i v a t i o n  o f  t h e  a d i a b a t i c  e l a s t i c  c o n s t a n t s .
The f u n c t i o n  V/ must  r e m a in  unchanged  i f  t h e  c r y s t a l  and  t h e
s y s te m  o f  a p p l i e d  s t r e s s e s  a r e  t r a n s l a t e d ,  o r  r o t a t e d ,  •
t o g e t h e r .  I n  t e r m s  o f  t h e  c o n f i g u r a t i o n  d e p en d e n ce  o f  W,
t h i s  means t h a t  W m ust  be i n v a r i a n t  w i t h  r e s p e c t  t o
t r a n s l a t i o n  o r  r o t a t i o n ,  w i t h o u t  d e f o r m a t i o n ,  o f  t h e  c r y s t a l .
T r a n s l a t i o n  i n v a r i a n c e  i s  o b v i o u s l y  s a t i s f i e d ,  s i n c e  t h e
o r i g i n  o f  c o - o r d i n a t e s  i s  i r r e l e v a n t  i n  o u r  s p e c i f i c a t i o n
o f  t h e  c r y s t a l  c o n f i g u r a t i o n .  The r o t a t i o n  i n v a r i a n c e  ^
i m p l i e s  t h a t  W depends  on t h e  f i n a l  c o n f i g u r a t i o n  ?  o n ly
—>
t h r o u g h  t h e  i n i t i a l  c o n f i g u r a t i o n  X and t h e  r o t a t i o n a l -  
i n d e p e n d e n t  s t r a i n  n . . .  The f u n c t i o n a l  depen d en ce  o f  W may 
t h e r e f o r e  be w r i t t e n
W(f) = W(3?,i7i j ) ( 1 . 1 0 )
— >
S i n c e  t h e  d e f o r m a t i o n  from X t o  Y i s  c o n s i d e r e d  s m a l l  ( b u t  
n o t  i n f i n i t e s i m a l ) ,  i t  i s  c o n v e n i e n t  t o  e x p r e s s  t h e  s t r a i n
i —^e n e r g y  d e n s i t y  a s  a T a y l o r  e x p a n s i o n  a b o u t  X;
mnW/V -  W/V + Ci ; ji7i ; . + 2 i j ^ k l  + 6 ° i j k l m n ^ i j ^ k l ^ i
V
+   ( 1 . 1 1 )
where t h e  C c o e f f i c i e n t s  a r e  t h e  e l a s t i c  c o n s t a n t s  e v a l u a t e d  
a t  t h e  r e f e r e n c e  c o n f i g u r a t i o n  X. Here  W may r e f e r  t o  F o r  
U and t h e  e l a s t i c  c o n s t a n t s  o c c u r i n g  i n  t h e  e x p a n s i o n  (1.11) 
a r e  t h e n  t h e  i s o t h e r m a l  o r  a d i a b a t i c  ones  r e s p e c t i v e l y .
By d e r i v i n g  t h e  e x p r e s s i o n  f o r  t h e  work done a g a i n s t  
t h e  a p p l i e d  s t r e s s  i n  c h an g in g  t h e  c o n f i g u r a t i o n  f rom  X t o  X+AX 
and u s i n g  combined f i r s t  and se c o n d  law s  o f  the rm o d y n am ics
o
i t  c a n  be shown t h a t  t h e  sym m etr ic  s t r e s s  t e n s o r  T . . i n  t h e
J
r e f e r e n c e  f ram e ^  i s  g i v e n  by
= 1/V ( 5W/ 5 9 ^ = 0  • ( 1 . 1 2 )
Here  and e l s e w h e r e  i t  i s  u n d e r s t o o d  t h a t  t h e  d e r i v a t i v e s
a r e  t a k e n  a t  c o n s t a n t  t e m p e r a t u r e  T o r  c o n s t a n t  e n t r o p y  
S d e p e n d in g  on w h e th e r  W r e f e r s  t o  F o r  U . From ( 1 . 1 1 )  we 
have
C13 = 1 / 7  ( d w / d r 7i ; J ) , ( 1 . 1 3 )
and hence  f i r s t  d e r i v a t i v e  o f  t h e  s t r a i n  e n e r g y  d e n s i t y
-  4
w . r . t .  s t r a i n  17 .. . e v a l u a t e d  a t  X i s  e q u a l  t o  t h e  s t r e s sXJ
t e n s o r  e v a l u a t e d  a t  t h e  c o n f i g u r a t i o n ) ? ,  f rom where 
t h e  s t r a i n  p a r a m e t e r s  9 . . a r e  m e a s u r e d .  The e l a s t i c  c o n s t a n t s  
o f  s e c o n d ,  t h i r d  and h i g h e r  o r d e r  a r e  d e f i n e d  as  s t r a i n  
d e r i v a t i v e s  o f  t h e  s t r a i n  e n e r g y  d e n s i t y  f u n c t i o n s  o f  s e c o n d ,  
t h i r d  and h i g h e r  o r d e r  r e s p e c t i v e l y .  The e l a s t i c  c o n s t a n t s  
o f  s e c o n d  and t h i r d  o r d e r  t h a t  o c c u r  i n  ( 1 . 11 ) a r e
6 i j k l  = < b 2w/ H t f k » ( 1 *1,f)
^ i j k l m n  = V V  < ^
From t h e  symmetry o f  n . .  and t h e  d e f i n i t i o n  o f  t h e  e l a s t i c  
c o n s t a n t s ,  i t  f o l l o w s  t h a t  t h e s e  c o e f f i c i e n t s  have  c o m p le te  
V o i g t  symmetry;  t h a t  i s
0 0 0  O o
C . . = C . .  . 0 . * 1 = C . . , i = C n  . . = . . . . ,  e t c .i j  J 1 l j k l  J i k l  k l i o  ’
B e ca u se  o f  V o ig t  symmetry t h e r e  a r e  o n l y  s i x  i n d e p e n d e n t  
p a i r s  o f  s u b s c r i p t s  i j  and i t  w i l l  o f t e n  be c o n v e n i e n t  t o
u se  V o ig t  n o t a t i o n ,  i n  which one Greek  l e t t e r  i n d e x  r e p l a c e s
a p a i r  i j , a c c o r d i n g  t o  t h e  f o l l o w i n g  scheme:
i j  = 11 22  33 23=32 31=13 12=21
e  =  • 1 2 3 *+■ 5  6
I n  V o i g t  n o t a t i o n  t h e  e l a s t i c  c o n s t a n t s  a r e  c o m p l e t e l y  
sy m m etr ic  i n  t h e i r  i n d i c e s :
C<x£> = V  » = C(pY “ = *«**e ‘t c *
3• E x p a n s io n  o f  e l a s t i c  c o n s t a n t s
Now e x p a n s i o n  ( 1 . 1 1 )  g i v e s  t h e  s t r a i n  e n e r g y  d e n s i t y
i n  t h e  f i n a l  c o n f i g u r a t i o n  Y a!s a f u n c t i o n  o f  t h e  s t r a i n s  
iy. . . S i m i l a r  e x p a n s i o n s  f o r  t h e  e l a s t i c  c o n s t a n t s
J
e v a l u a t e d  a t  Y a s  a f u n c t i o n  o f  r) . . c a n  be a l s o  o b t a i n e d .
XJ
To d e r i v e  t h e s e  e x p a n s i o n  f o r  t h e  e l a s t i c  c o n s t a n t s
■ '■ y
e v a l u a t e d  i n  t h e  f i n a l  c o n f i g u r a t i o n  Y we c o n s i d e r  t h r e e  
c o n f i g u r a t i o n s  X*, Y and  The s t r a i n s  from X* t o  "? a r e
Xt  -  Xt  = UjL ; 0^ .  = ( b v  b x . )  = Oij+^ 3 ; ( 1 . 1 6 )
and  r f . .  = \  ( o ^  -  S±J) . ( 1 . 1 7 )
The s t r a i n s  f rom Y t o  Z a r e  ' ;
Zi  -  Yi  = Ti  5 = < & V - t o p  = ; ( 1 . 1 8 )
and r f . .  = I  ( O ^ j  - S i j ) .  C 1-1?)
Here  t h e  u se  o f  t h e  s u p e r s c r i p t u a n d v a r e  s e l f  e x p l a i n a t o r y . 
The e x p r e s s i o n  f o r  t h e  s t r e s s  t e n s o r  T . • e v a l u a t e d  a t  an
X J
a r b i t r a r y  f i n a l  c o n f i g u r a t i o n  Y, may be d e r i v e d  by t r e a t i n g  
t h e  s t r a i n e d  c o n f i g u r a t i o n  Y a s  a new r e f e r e n c e  c o n f i g u r a t i o n
o
and f i n d i n g  t h e  new c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  C . . .
J
Thus
T i .(U) = 1/V(U) ( d w ( t f r f ) /  ( 1 . 2 0 )
where  V(^) i s  t h e  volume o f  t h e  s o l i d  i n  t h e  c o n f i g u r a t i o n
d e f i n e d  by rf. . and  W(nu,r]) i s  i t s  e n e rg y  i n  t h e  c o n f i g u r a t i o nj-j
d e f i n e d  by
z i  = « W v v  <1 -2 1 >
—? ■ ->
The t r a n s f o r m a t i o n  c o e f f i c i e n t s  f rom X t o  Z a r e
: = ( ' V  dX0> = °iVk°& V  • ( 1 ’22)
w hich  f o l l o w s  from ( 1 . 1 6 )  and  ( 1 . 1 8 )  and t h e  c o r r e s p o n d i n g  
L ag ra n g e  s t r a i n  p a r a m e t e r s  a r e  g i v e n  by
^ i j  = = 2 ( 2 ^ +<^ k l ) 0 C i ° ^ j - ^ i j  '  (1*23)
The t r a n s f o r m a t i o n  o f  v a r i a b l e s  i s  t h e n  a c c o m p l i s h e d  by
= U n l ° k l ° i Uj 5 ( 1 - 2l+)
w hich  f o l l o w s  from ( 1 . 2 3 )  .
By t h e  c h a i n  r u l e  d i f f e r e n t i a t i o n  and r e l a t i o n  (1.2^f)
bw(r/sr f) /  = (bw(r)u,r p /  ^ m n X ^ i /  ^9 i f
= ( 6 W ( ^ ) /  b r f c j  0 ^  ; ( 1 . 2 5 )
and hence
( d w ( 9 W ) /  ^ i f ^ o  = ^ l ^ V p /  ^ n y =o . (1 . 2 6 )
A l s o ,  by c o n s i d e r i n g  t h e  e n e r g y  d e n s i t i e s  ( w f r ^ r a n d  
(y i(rf)-fyv  i n  t h e  c o n f i g u r a t i o n s  Z and Y r e s p e c t i v e l y ,  i t  
c an  be  shown t h a t
(dw(r)VjV <tyijW =0 = dw(r?V bffij . ( 1 . 2 7 )
Hence t h e  s t r e s s  t e n s o r  e v a l u a t e d  i n  t h e  f i n a l  c o n f i g u r a t i o n  
Y i s  g i v e n  by
Ti ; j (u )  =1 / V (u )  5 w ( t / ) / V ran Ol j  ( 1 . 2 8 )
where  0^^ i s  t h e  Cauchy s t r e s s  t e n s o r  ( s e e ,  e . g .  Murnaghan 
1951 ,  L e i b f r i e d  and Ludwig 1961 ,  W a l la c e  1967 ) -  The above 
p r o c e d u r e  c a n . b e  e a s i l y  e x t e n d e d  t o  d e r i v e  e x p a n s i o n s  f o r  
t h e  h i g h e r  o r d e r  e l a s t i c  c o n s t a n t s .
Thus
Ci ; i k l (U) = 1/V(U>
= 1/V(U) & ( o ] ) / 3 ( 1 . 2 9 )
Cijklmn(lJ) = 1/V(U)
= 1/V(M ) 6?W(9U) /  ( I * 3 0 )
e t c . ;
where  t h e  l a s t -  t e r m s  on t h e  r i g h t  hand  s i d e s  o f  ( 1 . 2 9 )  
and ( 1 . 3 0 ) a r e  o b t a i n e d  w i t h  t h e  h e l p  o f  ( 1 . 2 5 )  and ( 1 . 2 6 ) .
From now on we d ro p  t h e  s u p e r  s c r i p t 1* i n  (1 . 2 8 ) ,  (1 .2 9 )  and
( 1 . 3 0 ) s i n c e  e ach  q u a n t i t y  i n  t h e s e  e x p r e s s i o n s  r e f e r s  t o  
t h e  same f i n a l  c o n f i g u r a t i o n .
Hence we may r e w r i t e  ( 1 . 2 8 ) ,  ( 1 . 2 9 )  and  ( 1 . 3 0 )
0 ^  = 1/V  bw/ b9r s (xl r a j s  ; ' ( 1 . 3 1 )
Ci j k l  = 1/V §W/ 5 ( 1 *32)
Cijklmn = 1/V ^  *( 1 *33)
I n  g e n e r a l  t h e  above r e s u l t s  g i v e  t h e  v a r i a t i o n s  o f  t h e  e l a s t i c
c o n s t a n t s  w i t h  t h e  s t r a i n .  Now e v a l u a t i n g  ( 1 . 3 1 ) - ( 1  .33)  
a t  t h e  i n t i a l  c o n f i g u r a t i o n  5? ; we have  V=V , 9n
h e n c e  t h e  s t r e s s  t e n s o r  d e f i n e d  i n  ( 1 . 1 2 )  and t h e  e l a s t i c  
c o n s t a n t s  d e f i n e d  i n  ( 1 .1  U*) and ( 1 . 1 5 ) a r e  r e c o v e r e d .
From now X d e s i g n a t e s  an  a r b i t r a r y  i n t i a l  c o n f i g u r a t i o n
Volume d e r i v a t i v e s  o f  e l a s t i c  c o n s t a n t s .
S i n c e  t h e  s t r e s s  t e n s o r  and  t h e  e l a s t i c  c o n s t a n t s  a r e  
e v a l u a t e d  i n  t h e  f i n a l  c o n f i g u r a t i o n ,  we may t a k e  d e r i v a t i v e s  
w . r . t .  t h e  volume V.
From ( 1 . 6 ) ,  ( 1 . 8 )  and  ( 1 . 9 )  we g e t  a u s e f u l  d i f f e r e n t i a l  
o p e r a t o r  i d e n t i t y
The d e r i v a t i v e  o f  n ^ o r d e r  e l a s t i c  c o n s t a n t s  c an  be  c a l c u l a t e d
- d e r i v a t i v e  w . r . t .  t h e  volume a t  c o n s t a n t  t e m p e r a t u r e  f o r  
ex am p le ,  g i v e s
Hence ,  t h e  volume d e r i v a t i v e  o f  t h e  s t r e s s  t e n s o r ,  s e c o n d  
o r d e r  and t h i r d  o r d e r  i s o t h e r m a l  e l a s t i c  c o n s t a n t s  e v a l u a t e d  
a t  c o n s t a n t  t e m p e r a t u r e ,  a r e
from  where  t h e  17^  a r e  m ea su re d
3 v ( 6 /  bv)=  = QCyO/ 'bccj) » ( 1 . 3*0
, fcVi
f rom  n o r d e r  and ( n + l )  o r d e r  e l a s t i c  c o n s t a n t s .  T ak in g  t h e
i j k l . . .pq pq+Ci j k l . .  . p q r r  ^1
( 1 ® 3 6 )
3V (5c^ jk l /  bv)r = CTi j k l + CTl j k l n n ; ( 1 . 3 7 )
3V(dc!j b v ) r  = 3 C l m„+cT .i jk lm n ' ^ijklmn. i jk lm n p p ( 1 .3 8 )
The volume d e r i v a t i v e s  o f  t h e  s t r e s s  t e n s o r ,  s e co n d  o r d e r  
and  t h i r d  o r d e r  a d i a b a t i c  e l a s t i c  c o n s t a n t s  e v a l u a t e d  
a t  c o n s t a n t  e n t r o p y ,  a r e
■ 3v ( d q j /  b v ) ,  =  - q j + cfl j k k  ; 0 . 3 9 )
3 V (5c^ j k l /  b n  = Csi j k l + CSi J k l n n  ; (1.1*0).
3 v ( b c ^ j k^ mn/  bv)s = 3cf^jklmn+ c ^ j kln)npp . ( 1 A 1 )
5* The C o m p r e s s i b i l i t y  and t h e  Bulk  m o d u lu s .-
F o r  f l u i d s  t h e  e q u i l i b r i u m  therm odynam ics  i s  d e s c r i b e d  
i n  t e rm s  o f  p r e s s u r e - v o l u m e  v a r i a b l e s .  The c o m p r e s s i b i l i t y  
K m e a su re s  t h e  v a r i a t i o n  .of  volume /with;, p r e s s u r e .
The a d i a b a t i c  c o m p r e s s i b i l i t y  i s
ks = -  v ' 1 ( 6 v /  b n  ; ( 1 A 2 )
and t h e  i s o t h e r m a l  c o m p r e s s i b i l i t y  i s  ,
kt = -  v ' 1 ( b v /  bp)T . ( 1 . 4 3 )
The b u l k  modulus B i s  j u s t  t h e  i n v e r s e  o f  t h e  c o m p r e s s i b i l i t y
~S = 1/K5 ; Br = 1 /Kr (1 .M*)
The t h e o r e t i c  c a l c u l a t i o n s  a r e  most  c o n v e n i e n t l y  b a s e d  
on t h e  s t a t e  f u n c t i o n s ,  Then,  t h e  a d i a b a t i c  b u l k  modulus 
i s  g i v e n  by
E5 = V ( b u /  b v \  , ( 1 . 4 ? )
and t h e  i s o t h e r m a l  b u lk  modulus i s  g i v e n  by
BT = V(62F /  d v 2 )T . (1.1+6)
F o r  a n i s o t r o p i c  s o l i d s  t h e  e q u i l i b r i u m  therm odynam ics  o f  
t h e  f l u i d s  i s  g e n e r a l i z e d  t o  s t r e s s - s t r a i n  v a r i a b l e s  i n s t e a d  
o f  t h e  p r e s s u r e - v o l u m e  v a r i a b l e s .  F o r  s o l i d s  u n d e r  i s o t r o p i c  
p r e s s u r e  normal f l u i d  the rm odynam ics  c an  be a p p l i e d .  However,  
c a r e  i s  n e e d e d .  F o r  ex am ple ,  t o  c a l c u l a t e  t h e  b u l k  modulus 
from t h e  c o m p r e s s i b i l i t y  one c a n n o t  make u se  o f  e q u a l i t y  
( l At y. )  d i r e c t l y  t o  g i v e  t h e  b u l k  m odu lus .  P r e v i o u s  a u t h e r s  
( s e e ,  e . g .  W a l la c e  1967) have  d e r i v e d  e x p r e s s i o n s  f o r  t h e  
c o m p r e s s i b i l i t y  e v a l u a t e d  a t  X* f o r  s o l i d s  u n d e r  i s o t r o p i c  
p r e s s u r e  i n  t e rm s  o f  t h e  c o m p l i a n c e s .  T h e i r  e x p r e s s i o n  
f o r  t h e  a d i a b a t i c  c o m p r e s s i b i l i t y  i s
F o r  a n i s o t r o p i c  s o l i d s  u n d e r  i s o t r o p i c  p r e s s u r e ,  b u l k  modulus
a s  d e f i n e d  i n  (1.^-5) and ( 1 A 6 )  have  b e e n  c a l c u l a t e d  h e r e
from  t h e  e l a s t i c  c o n s t a n t s ,  d e t a i l s  o f  which  a r e  g i v e n  i n
t h e  A ppend ix  a t  t h e  end o f  t h i s  c h a p t e r .  The a d i a b a t i c
—^
b u l k  modulus e v a l u a t e d  a t  X i s
B5 = V ( 5 u /  bv)  = V ( 5 p /  bv)s = 9 Bi i j J  9
bt  = v ( 8 f /  6v)  = v ( b p /  bv)T = 9 B i t j j  . ( 1 . 5 0 )
i n  t h e  s t r e s s - s t r a i n  r e l a t i o n  ( s e e  W a l la c e  1967) and  a r e
( 1 . ^ 7 )
and f o r  i s o t h e r m a l  c o m p r e s s i b i l t y  i t  i s
kt  = V  ( d v /  bP)T =
and t h e  i s o t h e r m a l  b u l k  modulus e v a l u a t e d  a t  X i s
The e l a s t i c  c o n s t a n t s  Bi j k l a r e  t h e  c o e f f i c i e n t s  t h a t  o c c u r
e q u a l  t o  t h e  e l a s t i c  c o n s t a n t s  P. d e f i n e d  by B a r r o n  and
Munn ( 1 9 7 0 ) .  The e l a s t i c  c o m p l i a n c e s  a r e  components
o f  t h e  t e n s o r  i n v e r s e  t o  t h e  t e n s o r  o f  t h e  B. .l j k l
I t  i s  o n l y  f o r  a c u b i c  s o l i d  t h a t  t h e  e q u a l i t i e s
9 Bi i j j  55 1 / s I i j o  ’ U e ' B-r= 1/K" ; ( 1 -?1)
and
9 X i j J  = 1 / S i i j j   ^ i . e .  I ? =  1/KS ( 1 . 5 2 )
h o l d s .  Hence f o r  a c u b ic  s o l i d  e q u a t i o n  ;/ may be
u s e d  d i r e c t l y  when c a l c u l a t i n g  t h e  b u l k  modulus f rom  t h e  
c o m p r e s s i b i l i l i t y .  F o r  a n o n - c u b i c  s o l i d  (1 ,kh)  c a n  n o t  be 
u s e d  d i r e c t l y  b u t  o n l y  t h r o u g h  e q u a t i o n s  (1.**5) and  ( 1 A 0 ) .  
The b u l k  modulus o f  a n o n - c u b i c  s o l i d  can  be c a l c u l a t e d  ‘ 
f rom  t h e  c o m p r e s s i b i l i t y  u s i n g
-1
Br= I  I i  ST : I  ; ( 1 . 5 3 )
and Bs = 2  Is  S s I  ; ( 1 .5 ^)
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where  t h e  S s t a n d s  f o r  t h e  t e n s o r  w i t h  e l e m e n t s
T h i s  f o l l o w s  d i r e c t l y  f rom t h e  d e f i n i t i o n  o f  t h e  c o m p l i a n c e s
S i j k l ’
The d i f f i c u l t l y  t h a t  e q u a t i o n  (1 .M+) can  n o t  be  u s e d  
d i r e c t l y  f o r  a n o n - c u b i c  s o l i d  l i e s  i n  t h e  f a c t  t h a t  n o t  
o n l y  t h e  volume b u t  i t s  shape  a l s o  chang es  u n d e r  i s o t r o p i c  
p r e s s u r e  and t h i s  h a s  t o  t a k e n  i n t o  c o n s i d e r a t i o n .  T h i s  
d i f f i c u l t y ,  o f  c o u r s e , does, n o t  a r i s e  f o r  a c u b i c  s o l i d
and h e n c e ,  one can  f r e e l y  a p p ly  d i r e c t l y  a l l  t h e  r e s u l t s  
o f  normal  f l u i d  th e r m o d y n a m ic s .
6 .  Cubic s o l id s  under i s o t r o p ic  p r e ssu re
‘ S i n c e ,  o f  a l l  t h e  s o l i d s  t h e  c u b i c  c r y s t a l  . i s  t h e  most 
e x t e n s i v e l y  s t u d i e d  and e x p e r i m e n t s  a r e  most r e a d i l y  done 
u n d e r  i s o t r o p i c  p r e s s u r e ,  t h i s  s e c t i o n  i s  d e v o te d  t o  t h e  s t u d y  
o f  c u b ic  c r y s t a l s  u n d e r  i s o t r o p i c  p r e s s u r e .  From t h e  d i s c u s s i o n  
o f  s e c t i o n  5 t h e  r e s u l t s  o f  t h e  norm al  f l u i d  the rm od y nam ics  can  
be a p p l i e d  d i r e c t y .  T h i s  r e s u l t  i s  e x p l o i t e d  i n  d e r i v i n g  
e x p r e s s i o n  f o r  t h e  d i f f e r e n c e  be tw een  i s o t h e r m a l  and a d i a b a t i c  
e l a s t i c  c o n s t a n t s  and  a l s o  f o r  t h e  p r e s s u r e  d e r i v a t i v e s  o f  t h e  
e l a s t i c  c o n s t a n t s .
a d i a b a t i c  e l a s t i c  c o n s t a n t s .
I f  t h e  c u b ic  c r y s t a l  r e m a in s  c u b ic  u n d e r  a r b i t r a r y  p r e s s u r e ,  
t h e  d e f o r m a t i o n  p a r a m e t e r s  from X ( z e r o  p r e s s u r e  c o n f i g u r a t i o n )  
t o  I  ( c o n f i g u r a t i o n  a t  p r e s s u r e )  a r e  s im p le  ( i . e .  i s o t r o p i c ) .  
Then r e l a t i o n s  ( 1 . 1 ) , ( 1 . 6 ) , ( 1 . 8 )  and i d e n t i t y  o p e r a t o r  (1 .3* 0  
s i m p l i f y  t o
r e s p e c t i v e l y .
F o r  t h e  se c o n d  o r d e r  e l a s t i c  c o n s t a n t s  d e f i n e d  i n  ( 1 . 3 2 )
v - /
( i ) E x p r e s s i o n s  f o r  t h e  d i f f e r e n c e  b e tw een  i s o t h e r m a l  a n d
. * ,3v  i ;  = v o i
v { b /  c)v) = (1 + 2 (] ')(b /i)f))  = d /  d<*) ( 1 a- d)
u s i n g  ( 1 .5 5 d )  g i v e s
c i j kl  = ( -  W b v  + v  OW/ ~bv ) ■Si ^Sb.x ( 1 . 56b)
The i s o t h e r m a l  and a d i a b a t i c  e l a s t i c  c o n s t a n t s  a r e  t h e n  g i v e n  by 
c i ; j k l  = - (^ F /  ^v ) t +  v (^ f /  ^  }T ^ i / k l
i
5 * '
Ci j k l  = - ( W  b v )  + V  (^U / bv2 )3 ( 1 . 5 7 a - b )
r e s p e c t i v e l y . S u b s t r a c t i n g  ( 1 .5 7 a )  from ( 1 .5 7 b )  g i v e s
^ i j k l  -  CI j k l  = VL(^ /  ^  >s -  < & /  ^  f A ^ k l  (1 , 57c)
where  we have  u s e d  t h e  f a c t
P =  -  ( b F / O V ) T = -  ( W  ^ ? ) s  (1 .57<i)
w hich  h a s  b e e n  a l s o  d e r i v e d  i n  t h e  a p p e n d ix .
From t h e  d e f i n i t i o n  o f  t h e  a d i a b a t i c  and  i s o t h e r m a l  b u l k  modulus  
g i v e n  i n  ( 1 A 5 )  and ( 1 A 6 )  r e s p e c t i v e l y ,  we h a v e ,
^ i j k l  “ Gl j k l  = ( B " B 5 ^ i j ^ k l  ( 1 -58)
A l s o ,  f o r  t h e  c u b ic  c r y s t a l ,  a s  i t  has  been  shown h e r e  t h a t  th e  . 
c o m p r e s s i b i l i t y  may be c a l c u l a t e d  d i r e c t l y  from t h e  b u l k  m o d u lu s .  
T h u s ,
K*~= BS ; K1_'= BT . ( 1 . 5 9 )
I n  t h i s  way t h e  d i f f e r e n c e  b e tw ee n  s e co n d  o r d e r  a d i a b a t i c  and 
i s o t h e r m a l  e l a s t i c  c o n s t a n t s  f o r  a c u b ic  c r y s t a l  u n d e r  i s o t r o p i c  
p r e s s u r e  may be e x p r e s s e d  i n  te rm s  o f  t h e  d i f f e r e n c e  b e tw ee n  t h e  
a d i a b a t i c  and t h e  i s o t h e r m a l  c o m p r e s s i b i l i t y .
Hence ,  from ( 1 . 5 8 )  we g e t
S~1 T-1The e x p r e s s i o n  f o r  K -  K i s  g i v e n  i n  most  t e x t  books  on 
th e rm odynam ics  and i s
i f 1-  Kt "1= T V p /  I f2 ; ( 1 . 6 1 )
where  p> i s  t h e  c o e f f i c i e n t  o f  t h e r m a l  e x p a n s i o n .
H ence ,
c U i  -  °Ti j k i  = t • ( i -6 2)
The m a c r o s o p ic  G r u n e i s e n  p a r a m e t e r ^ i s  g i v e n  by
i  = Vp/ Kr Cv . ( 1 . 6 3 )
Then ,  ( 1 . 6 2 )  becom es ,
° i j k l  ~ Ci j k l  = T Cv^ V ^ i j ^ k l  * ( 1 .6 * 0
F o r  t h e  c u b ic  c r y s t a l  t h e r e  a r e  o iiiy  t h r e e  i n d e p e n d e n t  s e c o n d  
o r d e r  e l a s t i c  c o n s t a n t s  and we have
<£- c; = CSn -  c ]2 = TCvT'/V ; 4 -  cj* = 0 . ( 1 . 6 5 )
S i m i l a r l y  s t a r t i n g "  f ro m  (1.33-Xl we g e t  t h e  d i f f e r e n c e  
b e tw ee n  t h e  3 - o r d e r  a d i a b a t i c  and  i s o t h e r m a l  e l a s t i c  
c o n s t a n t s :
C!jk lm n  -  Gijk lm n  = M ^ ) s  -  V(5b? 5 v ),3 ^ / kA n  ,  (1 .6 6 )
F o r  c u b ic  c r y s t a l  t h e r e  a r e  s i x  i n d e p e n d e n t  t h i r d  o r d e r  e l a s t i c  
c o n s t a n t s  and  we have
1 P
* 1! 5  Tc,„- c1(1 =
* * 4 =
v ( 6 b^ 6 v ^  -
IIo'i
*cr S  T  ^166  ^(6 6 4 4 = 0 .
[ 5 b / 6 v ) t  ( 1 . 6 7 )
( 1 . 68)
E x p r e s s i o n  ( 1 . 6 7 )  may be f u r t h e r  s i m p l i f i e d  t o  g i v e
c l- cl = cm- cjl% = . c*3-  £ , =  Tcvy v  -  -  (S p /6 v ) ]  ( 1 . 6 9 )
( i i )  The p r e s s u r e  d e r i v a t i v e s  o f  e l a s t i c  c o n s t a n t s .
The p r e s s u r e  d e r i v a t i v e s  o f  t h e  e l a s t i c  c o n s t a n t s  a t  
c o n s t a n t  t e m p e r a t u r e  o r  c o n s t a n t  e n t r o p y  can  e a s i l y  be 
c a l c u l a t e d  from t h e  volume d e r i v a t i v e s .
The p r e s s u r e  d e r i v a t i e s  o f  t h e  n ^ o rd e r  i s o t h e r m a l  
e l a s t i c  c o n s t a n t s  a t  c o n s t a n t  t e m p e r a t u r e ,  f o r  e x a m p le ,  i s
= ( 5cI j k l . . . . p ^ T < ^ p ) r  : S O . 7 0 )
w hich  g i v e s ,
(K j k l . . . . Pq/ 5 p V = ^ T[(2n-3 ) C ^ k l . . . . pq + C ^ Jjl>. . >>pqrr]
( 1 . 7 1 )
where  t h e  l a s t  s t e p  f o l l o w s  from e q u a t i o n  ( 1 . 3 5 ) .
I n  t h i s  way, t h e  p r e s s u r e  d e r i v a t i v e  o f  t h e  se c o n d  o r d e r  
i s o t h e r m a l  e l a s t i c  c o n s t a n t s  e v a l u a t e d  a t  c o n s t a n t  
t e m p e r a t u r e  a r e ,
(f)(£ /d P )r  =1 Kr ( c[, + cl  + 2cja ) ; ( 1 . 7 2 )
( & £ /b P ) r  Kr ( c l  + cjv + 2cJa ) ; ( 1 .7 3 )
(<5cJ/dp)T =1 KT ( c l +  C iV ' 2Cw >  5 . (1*7^)
where ICT = 1 /B T = 3(<£+ "<£+ P)" ' .
E x p r e s s i o n s  s i m i l a r  t o  ( 1 . 7 2 )  -  (1 .7 * 0  f o r . s e c o n d  o r d e r  
a d i a b a t i c  c o n s t a n t s  e v a l u a t e d  a t  c o n s t a n t  e n t r o p y  may be 
a t  once  w r i t t e n  down. Here  we w i l l  n o t  c o n c e r n  o u r s e l v e s  
w i t h  t h e  mixed d e r i v a t i v e s  o f  t h e  t y p e  •
F o r  c u b ic  c r y s t a l s  u n d e r  a r b i t r a r y  sm a l l ,  p r e s s u r e s  t h e  
e l a s t i c  c o n s t a n t s  may be  e x p a n d e d .  For- exam ple ,  t h e  e x p a n s i o n  
f o r  i s o t h e r m a l  e l a s t i c  c o n s t a n t s  when t h e  p r e s s u r e  i s  v a r i e d  
i s o t h e r m a l l y  i s
CTCPi 0k l . . . . p q = CH j k l . . . . p q  + P 3 ^ en- 3 ) * >VdJtl . . . . P 9 :  +
d V l . . . . p q r r  ] + 0 ( # )  ( 1 . 7 5 )
7. D i s c u s s io n *
E x p r e s s i o n s  f o r  t h e  e l a s t i c  c o n s t a n t s  i n  t h e  s t r a i n e d  
c o n f i g u r a t i o n  have  b e e n  d e r i v e d .  I t  i s  fo u n d  t h a t  t h e  f i r s t  
o r d e r  e l a s t i c  c o n s t a n t  so o b t a i n e d  c o r r e s p o n d s  t o  t h e  
Cauchy s t r e s s  t e n s o r .  Hence ,  t h e  h i g h e r  o r d e r  e l a s t i c  
c o n s t a n t s  so d e f i n e d  a r e  a d i r e c t  g e n e r a l i z a t i o n  o f  t h e  Cauchy 
s t r e s s  t e n s o r .  T hese  e l a s t i c  c o n s t a n t s  a r e  e q u i v a l e n t  t o  
t h o s 6 d e f i n e d  by T h u r s t o n  (196*0 o n l y  i n  t h e  r e f e r e n c e
1
c o n f i g u r a t i o n .
The volume d e r i v a t i v e  o f  t h e  e l a s t i c  c o n s t a n t s  h av e  
b e e n  d e r i v e d .  I n  t h e o r e t i c a l  c a l c u l a t i o n s  o f  e l a s t i c  c o n s t a n t s  
when u s i n g  i n t e r a t o m i c  p o t e n t i a l s ,  t h e  r e s u l t s  a r e  u s u a l l y  
e x p r e s s e d  i n  t e r m s  o f  t h e  vo lum e .  I n  t h i s  way t h e  volume 
d e r i v a t i v e s  o f  t h e  e l a s t i c  c o n s t a n t s  may be u s e d  t o  g i v e  
a c h ec k  on t h e  r e s u l t s .
F o r  n o n - c u b i c  s o l i d s  u n d e r  i s o t r o p i c  p r e s s u r e  t h e  b u l k
modulus  c a l c u l a t e d  d i r e c t l y  f rom t h e  s t a t e  f u n c t i o n s  
does,  n o t  a g r e e  w i t h  t h a t  c a l c u l a t e d  by t a k i n g  t h e  i n v e r s e  
o f  t h e  c o m p r e s s i b i l i t y .  Hence i t  i s  n a t u r a l  t o  a s k  w hich  
one o f  t h e  two i s  t h e  c o r r e c t  o n e .  T h i s  q u e s t i o n  c a n  be  
a n sw e re d  i n  t h e  f o l l o w i n g  way. The b u l k  modulus i s  a 
thermodynamic, ' :  q u a n t i t y  which one r e f e r s  t o  when t h e  
e q u i l i b r i u m  therm odynam ics  o f  t h e  s o l i d s  i s  d e s c r i b e d  i n  
t e r m s  o f  P ,V, and T v a r i a b l e s .  I n  e q u i l i b r i u m  P ,V ,  and T 
a r e  r e l a t e d  by a r e l a t i o n  o f  t h e  form
f ( P , V , T )  = 0 .  ( 1 . 7 6 )
C o n s i d e r i n g  f o r  t h e  moment t h e  i s o t h e r m a l  b u l k  m o d u lu s ,  when 
c a l c u l a t e d  from V ( 5 f / 6 v ) t  r e l a t i o n  ( 1 . 7 6 )  i s  i m p l i c i t  
i n  i t .  Hence c a l c u l a t i n g  i t  f rom V(6 f / 6v)  g u a r a n t e e s  
t h a t  P,V a n d .T  a r e  t h e  o n ly  v a r i a b l e s .  I n  t h e  e x p r e s s i o n  
f o r  t h e  c o m p r e s s i b i l i t y  i n  t e r m s  o f  t h e  c o m p l i a n c e s  a s  d e r i v e d  
by p r e v i o u s  a u t h o r s  ( s e e  e . g .  T h u r s t o n  (196*0 ,  W a l l a c e ,  1967) 
t h e  o n l y  a s s u m p t io n  made was t h a t  t h e  s t r e s s - t e n s o r  was 
i s o t r o p i c .  B u t ,  f o r  n o n - c u b i c  s o l i d s  t h i s  a s s u m p t i o n  a l o n e  
d o e s  n o t  im p ly  t h a t  t h e  s t r a i n  i s  i s o t r o p i c .  I n  o t h e r  w o rd s ,  
f o r  n o n - c u b i c  s o l i d s  i s o t r o p i c  s t r e s s  does  n o t  im p ly  t h a t  
t h e  the rm odynam ics  v a r i a b l e s  a r e  P,Y and T. F o r  t h i s  r e a s o n  
t h e  c o r r e c t  answer  f o r  t h e  i s o t h e r m a l  b u lk  m odulus  i s  g i v e n  
by V(6 f / 6v ) t  . I f  i t  i s  t o  t o  be c a l c u l a t e d  f rom  t h e  
c o m p r e s s i b i l i t y  t h e n  r e l a t i o n  ( 1 . 5*0 must  be  u s e d .
A p p e n d ix .
The volume d e r i v a t i v e s  o f  t h e  s t a t e  f u n c t i o n s  F and U.
The volume d e r i v a t i v e s  o f  t h e  s t a t e  f u n c t i o n s  F and U 
c a n  r e a d i l y  be  work o u t  w i t h  t h e  h e l p  o f  t h e  d i f f e r e n t i a l  
I d e n t i t y  (1 .3 * 0 *  From t h e  e x p r e s s i o n  . f o r  t h e  Cauchy s t r e s s  
t e n s o r  g i v e n  by (1 * 3 1 )
° i i  = iA (6w /c)r /r s ) (6 r s  + 2 rI r s ) < a . i )
= 3 bw/6v  ; ( A . 2 )
D i f f e r e n t i a t i n g  (A .1 )  w . r . t  t h e  volume we g e t
3 v 6 c r i i / d v  = -  Oi1 + c i l 3 j  (a  . 3 )
The e l a s t i c  c o n s t a n s t a n t s  t h a t  o c c u r  i n  (A . 3 ) a r e  a d l C b a t i c  
o r  i s o t h e r m a l  d e p e n d in g  on w h e th e r  t h e  d e r i v a t i v e s  a r e  t a k e n  
a t  c o n s t a n t  e n t r o p y  o r  c o n s t a n t  t e m p e r a t u r e  r e s p e c t i v e l 3r .
A l s o ,  from ( A . 2 )
3V 6 c : i / d v  = 9V dw/bv
h e n ce
9v  b W  = -  0-^  + c . . . . (A<5)
F o r  t h e  c a s e  o f  i s o t r o p i c  p r e s s u r e ,
= P<^ i j  5 ( A .6 )
and e q u a t i o n  ( A . 2 ) g i v e s
p = -  (6 f / 6 v )t = -  (b u /b v )s
as  e x p e c t e d  . S u b s t i t u t i n g l ( A . 6 ) i n  (A *5).' g i v e s
9 V ( & y d v \  = 3P + ; (A . 7 )
9 'v (b u /b v )  = 3 P + . ( A .8)
The t e r m s  on t h e  r i g h t  hand  s i d e s  o f  ( A .7 ) and ( A . 8 ) may be  
w r i t t e r n  i n  te rm s  o f  t h e  s t r e s s - s t r a i n  e l a s t i c  c o n s t a n t s  
Bi j k l  ( s e e , e . g .  B a r r o n  and K l e i n  1963,  W a l la ce  1967) *
9V(bVoV)  = B* . ; (A .9 )
9V(du/dv) = Bs, . . .  . ( A .1 0 )
T ak in g  volume d e r i v a t i v e s  o f  ( A .7 ) and (A .8 ) a t  c o n s t a n t  
t e m p e r a t u r e  and  c o n s t a n t  e n t r o p y  r e p e c t i v e l y  and u s i n g  
e q u a t i o n s  ( A .7 ) s ( A .8 ) , ( 1 . 3 7 )  and (1 .*+0 ) y i e l d s .
27V ( 6 / d v \ ( V ^ F / d v ) T = -  3P + CTi i j 1 k k  ; (A . 11)
27V ( d / d v y v 5 u / b v ) s = -  3P + C j i j j k k  ; (A . 12)
CHAPTER 2
THE EFFECT OF LONG-RANGE THREE-BODY FORCES AND THE
ZERO-POINT ENERGY ON'THE ELASTIC CONSTANTS OF THE 
INEART GAS SOLIDS AT THE ABSOLUTE ZERO.
1• I n t r o d u c t i o n
The e f f e c t  o f  t h e  z e r o - p o i n t  e n e rg y  (ZPE) and t h e  
l o n g - r a n g e  many-body e f f e c t s  (MBE) on t h e  s e c o n d  o r d e r  
e l a s t i c  c o n s t a n t s ,  C . o f  t h e  r a r e  gas  c r y s t a l s  (RGC) 
h a s  b e e n  s t u d i e d  e x t e n s i v e l y .  The t h e o r e t i c a l  work was 
m a i n l y  c o n c e rn e d  w i t h  t h e  e v a l u a t i n g  t h e  d e v i a t i o n  due t o  
ZPE and  MBE f rom  t h e  Cauchy r e l a t i o n ,  C}2= C'w  wh ich  h o l d s  
f o r  a p e r f e c t l y  c l a s s i c a l  c u b ic  c r y s t a l  a t  T = OK i . e .  a 
c r y s t a l  i n  which  t h e r e  i s  no ZPE and t h e  o n ly  f o r c e s  p r e s e n t  
a r e  p a i r w i s e  a d d i t i v e  and c e n t r a l . The q u a n t i t y  
£  = ( < v  c,a ) /C,2 was s t u d i e d  .
The f i r s t  i n v e s t i g a t i o n  was made by Gotze  and Schm id t  
(1966)  who - in c lu d e d  o n l y  t h e  3 -bo d y  d i p o l e  i n t e r a c t i o n  
te rm  (DDD)3 a p p l i e d  t o  A r .  Z ucker  and  C h e l l  (1968)  and  H u l l  
e t  a l . (1970)  e x te n d e d  t h e  c a l c u l a t i o n s  t o  Ne, A r ,  Kr and Xe 
F u r t h e r  w h e n - th e  r e s u l t s  o f  Z ucker  and C h e l l  (1968)  were  
c o r r e c t e d  by B a r k e r  e t  a l .  (1970)  t h e y  a g r e e d  w i t h  t h o s e  o f  
H u l l e r  e t  a l .  ( 1 9 7 0 ) .  A l l  u s e d  d i f f e r e n t  m ethods  o f  
c a l c u l a t i n g  t h e  e f f e c t s  o f  ZPE, b u t  a l l  came t o  t h e  same 
c o n c l u s i o n ;  n am e ly ,  t h a t  w i t h  o n l y  2-body  f o r c e s  t h e  e f f e c t  
o f  ZPE made S p o s i t i v e ,  whereas  ; t h e  e f f e c t  o f  (DDD)3 was 
t o  r e d u c e  8> Gotze  and Schmidt  ( 196 6 ) fo un d  S p o s i t i v e  f o r  
A r ,  b u t  t h e y  u s e d  S a l t e r ’ s (195**-) method o f  e v a l u a t i n g  t h e
. e f f e c t  o f  ZPE on t h e  G. . ,  and t h i s  i s  known t o  o v e r e s t i m a t e•LJ
t h o s e  e f f e c t s .  The o t h e r  a u t h o r s  fo u n d  <5 t o  be n e g a t i v e  
f o r  A r ,  Kr,  and Xe. Thus i t  a p p e a r e d  t h a t  (DDD)^- p r e d i c a t e d  
n e g a t i v e  v a l u e s  f o r  A r ,  Kr,  and Xe. H u l l e r  (1971b)  
i n v e s t i g a t e d  t h e  e f f e c t s  o f  t h e  many-body d i p o l e  i n t e r a c t i o n  
t e r m s  o f  f o u r t h  o r d e r  and h i g h e r  d e s i g n a t e d  (MBD)4->co on & 
and  C . •• S i n c e  H u l l e r  (1971b)  u s e d  s l i g h t l y  d i f f e r i n gJ-J
2 -b o d y  p o t e n t i a l s  t o  t h o s e  o f  H u l l e r  e t  a l„  (1 97 0 )  i t  was n o t  
p o s s i b l e  t o  e s t i m a t e  p r o p e r l y  t h e  chan ges  i n  t h e  a b s o l u t e  
v a l u e s  o f  G. . due t o  (MBD)4^po 5 b u t  H u l l e r  (1971b)  n o n e t h e l e s s  
c o n c l u d e d  t h a t  s e l f - c a n c e l l a t i o n  t o o k  p l a c e ,  and  t h a t  t h e  
i n f l u e n c e  o f  l o n g - r a n g  many-body f o r c e s  beyond  t h e  t h i r d - o r d e r
t e rm  i . e .  (DDD)3 l e d  o n ly  t o  s m a l l  c h a n g e s .  The g e n e r a l  
c o n c l u s i o n  drawn was t h a t  many-body d i p o l e  t e rm  was a d e q u a t e l y  
r e p r e s e n t e d  by t h e  (DDD)3 te rm  and t h a t  w i t h  o n ly  tw o-body
f o r c e  t h e  e f f e c t '  o f  ZPE was t o  makeS>0, w h e reas  MBE t e n d e d  
t o  make S<o. The f i n a l  s i z e  o f  8 was d e t e r m i n e d  by t h e  
r e l a t i v e  s i z e s  o f  t h e  two o p p o s in g  e f f e c t s .
Here  we h ave  u n d e r t a k e n  a s i m i l a r  s t u d y  o f  t h e  t h i r d  
o r d e r  e l a s t i c  c o n s t a n t s ,  The r e a s o n  f o r  t h i s  a r e  a s
f o l l o w s .  As t h e  a n i s o t r o p y  o f  a therm odynam ic  p r o p e r t y  
i n c r e a s e s  t h e  s i m p l e r  i t  becomes t o  d i s t i n g u i s h  b e tw e e n  
a d d i t i v e  and n o n - a d d i t i v e  c o n t r i b u t i o n s  t o  t h e  p a r t i c u l a r  
p r o p e r t y .  Thus p r e v i o u s l y  i t  h a s  b e en  p o s s i b l e  t o  e v a l u a t e  
t h e  c o n t r i b u t i o n  o f  MBE t o  i s o t r o p i c  therm odynam ic  p r o p e r t i e s  
o f  c r y s t a l s  su c h  as  t h e  l a t t i c e  e n e r g y  and b u l k  m od u lu s ,  
b u t  n o t  p o s s i b l e  t o  d i s t i n g u i s h  e x p e r i m e n t a l l y  b e tw e e n  s u c h  
c o n t r i b u t i o n s  and t h o s e  due t o  tw o -b o dy  i n t e r a c t i o n s .  W ith
t h e  more a n i s o t r o p i c  p r o p e r t i e s  , C . . ,  t h e  e f f e c t  o f  MBE can-LJ
be more c l e a r l y  s e e n  by m e a su r in g  5* , a l b e i t  c o m p l i c a t e d  by 
ZPE. B u tS  i s  a s m a l l  q u a n t i t y  and a c c u r a t e  m easu rem en t  o f  t h e  
C . . i s  d i f f i c u l t ,  Thus, e x p e r i m e n t a l l y  t h e r e  i s  s t i l l  some 
c o n f u s i o n  o v e r  t h e  s i z e  and s i g n  o f  5 f o r  t h e  RGC.
I t  seemed t h e r e f o r e  r e a s o n a b l e  t o  e x t e n d  t h e s e  c a l c u l a t i o n s  
t o  e v en  more a n i s t r o p i c  therm odynam ic  q u a n t i t i e s  i n  t h e  sh ap e  
0 f  Ci j k *  No d o u b t  t h e  a r e  s t i l l  more d i f f i c u l t  t o  m easu re
e x p e r i m e n t a l l y ,  b u t  d e v i a t i o n s  f rom t h e  Cauchy r e l a t i o n s  due 
t o  MBE and ZPE s h o u l d  be much l a r g e r  and p e r h a p s  e a s i e r  t o  
d e t e c t  e x p e r i m e n t a l l y . I n d e e d  as  we s h a l l  s e e  l a t e r  i n  some 
c a s e s  t h e  c o n t r i b u t i o n  due t o  ZPE and MBE a r e  e m b a r r a s s i n g l y  
l a r g e , b e i n g  som etim es  g r e a t e r  t h a n  t h e  c l a s s i c a l  tw o-body  
c o n t r i b u t i o n  and d i f f e r i n g  i n  s i g n .  F u r t h e r  i n  a c e r t a i n  
i n s t a n c e  i t  i s  p o s s i b l e  t o  d i s t i n g u i s h  b e tw e e n  t h e  c o n t r i b u t i o n s  
o f  ZPE and MBE, w hich  i s  n o t  p o s s i b l e  i n  t h e  c a s e  o f  t h e  C- . .
F o r  t h i s  r e a s o n  t h e  f o l l o w i n g  s t u d y  h a s  b e en  u n d e r t a k e n .
I t  i s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  t o  r e p r e s e n t  a t h e o r e t i c a l  
c a l c u l a t i o n s  o f  t h e  t h i r d  o r d e r  e l a s t i c  c o n s t a n t s  C. .
The o n l y  MBE d i s c u s s e d  w i l l  be t h e  now w e l l - e s t a b l i s h e d  
l o n g - r a n g e  3 -b o dy  t e rm s  d e s i g n a t e d  (DDD)^ , (DDQ)^ , (DQQ)^ and 
(QQQ)3 r e p r e s e n t i n g  t h e  t r i p l e - d i p o l e ,  d i p o l e - d i p o l e - q u a d r u p o l e , 
d i p o l e - q u a d r u p o l e - q u a d r u p o l e  and t r i p l e - q u a d r u p o l e  t e r m s  
r e s p e c t i v e l y  -  B e l l  (1 9 7 0 ) )  D oran  and Zucker  ( 1 9 7 1 ) .  ZPE 
e f f e c t s  w i l l  be c a l c u l a t e d  i n  t h e  ha rm on ic  a p p r o x i m a t i o n  o n l y  
and assum ing  t h e  p r e s e n c e  o f  tw o-body  f o r c e s  o n l y .  S i n c e  t h e  
a b s o l u t e  v a l u e s  o f  t h e  a r e  n o t  o f  p a ram oun t  i m p o r t a n c e
h e r e ,  i n s t e a d  o f  em ploying  t h e  p r e c i s e  b u t  complex  p a i r  
p o t e n t i a l s  g i v e n  by B a rk e r  c o - w o r k e r s  -  H are  Gas S o l i d s  
V o l .  I  ( 1 9 7 6 ) ,  C h a p te r  b  -  we s h a l l  u s e  s i m p l e r  Mie- 
L e n n a r d - J o n e s  12-6  p o t e n t i a l  w r i t t e n  a s
The v a l u e s  o f  e and Tm u s e d  ( t h e  p o t e n t i a l  d e p t h  and t h e  
minimum) were  t a k e n  d i r e c t l y  f rom B a r k e r ’ s p r e c i s e  p o t e n t i a l s .  
T h i s  e n a b l e s  u s  t o  w r i t e  t h e  v a r i o u s  e l a s t i c  c o n s t a n t s  i n  
r e l a t i v e l y  s i m p le  a n a l y t i c  f o r m s .
2 .  Theory
The h e a v i e s t  i n e r t  g a s e s  Ne, A, Kr and Xe c o n d e n se  i n t o  
f . c . c .  c r y s t a l s .  B ecau se  o f  t h e i r  h i g h  symmetry ,  c u b ic  
c r y s t a l s  have  o n ly  t h r e e  i n d e p e n d e n t  seco n d  o r d e r  e l a s t i c  
c o n s t a n t s  Ctt ,Cia and and s i x  i n d e p e n d e n t  t h i r d  o r d e r  
e l a s t i c  c o n s t a n t s  Cm jC112t ,C123 ,C144 ,C166 and C456 . I f  t h e  c r y s t a l  
i s  s u b j e c t e d  t o  a homogeneous d e f o r m a t i o n  c e r t a i n  r e l a t i o n s  
h o l d  amongst  t h e  C . . and C . -  C h a p te r  1 r e l a t i o n
( 1 . 3 6 )  and ( 1 . 3 7 ) * .  When t h e  o n ly  s t r e s s  p r e s e n t  i s  an 
i s o t r o p i c  p r e s s u r e  t h e s e  r e l a t i o n s  s i m p l i f y  t o  a c e r t a i n  
e x t e n t .  These  a r e
( 1 . 1 )
By a d d in g  t w i c e  ( 2 , 3 )  t o  ( 2 . 2 )  we o b t a i n
C«i + 6CU+ 2C113 = 9 v ( |f )  + P ( 2 . 5 )
where  B h a s  b e en  w r i t t e n  f o r  t h e  b u lk  m o d u lu s .  Here  s i n c e  
c a l c u l a t i o n s  a r e  a t  T=OK, t h e  i s o t h e r m a l  and a d i a b a t i c  
q u a n t i t i e s  a r e  e q u a l .  Hence no s u p e r s c r i p t s  t o  d e n o te  
i s o t h e r m a l  o r  a d i a b a t i c  therm odynam ic  q u a n t i t i e s  a r e  u s e d .  
R e s u l t s  ( 2 . 1 )  -  ( 2 . 5 )  h o l d  t r u e  f o r  a l l  i n t e r m o l e c u l a r  f o r c e s  
w h e th e r  a d d i t i v e  o r  n o t  and i n  t h e  p r e s e n c e  o f  ZPE. I f  we now 
c o n s i d e r  t h r e e - ’bo3y f o r c e s  which  th o u g h  many-body i n  c h a r a c t e r  
d ep en d  o n ly  on v a r i o u s  i n t e r p a r t i c l e  s e p a r a t i o n s  -  and t h e  
t h r e e - b o d y  f o r c e s  which  we c o n s i d e r  h e r e  a r e  o f  t h i s  k i n d  -
T h i s  r e l a t i o n  a p p e a r s  f i r s t  t o  have  b e e n  g i v e n  by P u r i  and  
Verma (1976)  where i t  seems t h e y  c o n c lu d e d  i t  f rom n u m e r i c a l  
r e s u l t s .  Here  ( s e e  a p p e n d ix )  r e l a t i o n  ( 2 . 6 )  h a s  b e e n  shown t o  
h o l d  g e n e r a l l y .  I f  now o n ly  p a i r w i s e  a d d i t i v e  f o r c e s  a r e
The i n t r o d u c t i o n  o f  n o n - a d d i t i v e  f o r c e s  t h u s  d e s t r o y s  t h e  
Cauchy r e l a t i o n s  b u t  n o t  q u i t e  s i n c e  ( 2 . 6 )  s t i l l  h o l d s .  ZPE 
t h e n  f u r t h e r  makes ( 2 . 6 )  i n v a l i d  b u t  l e a v e s  t h e  r e l a t i o n s  
( 2 . 1 )  -  ( 2 . 5 )  s t i l l  t r u e .
I n  t h e  p r e v i o u s  i n v e s t i g a t i o n s  o f  C . .  t h e  q u a n t i t y
t h e n  a f u r t h e r  r e l a t i o n  amongst  t h e  C may be  d e d u c e d .  T h is
Cf23*f* 2C456 — 3C-J44 • ( 2 . 6 )
c o n s i d e r e d  t h e n  th e  Cauchy r e l a t i o n s  amongst  t h e  C . . and C-
y i e l d  t h e  e q u a t i o n s
C12. — G4.4 ( 2 . 7 )
( 2 . 8 )
which  r e d u c e s  t h e  number o f  i n d e p e n d e n t  C . . t o  2 and C. t o  3*l j  1JJ£
& =(0*4 " ^12. was studied. Here the quantities such as
e ( ‘1> = (CW- C112) ,  6 ( 2 ) =  ( C144 -  Ca,  ) . andG(3)= (Cm -  C^6 )
m e a s u r in g  t h e  d e v i a t i o n s  from t h e  Cauchy r e l a t i o n s  a r e  s t u d i e d .  
From ( 2 . 6 )  i t  may be s e e n  t h a t  t h e  p r e s e n c e  o f  3 -b o d y  f o r c e s  
b u t  a b se n c e  o f  ZPE t h e  q u a n t i t y  X = 2^3)+C(i) i s  z e r o .  Hence X  
was a l s o  e v a l u a t e d ,  t h e  s i z e  o f  X  may be c o n s i d e r e d  a s  a 
d i r e c t  m easurem ent  o f  t h e  e f f e c t  o f  ZPE a l o n e .
3 .  E l a s t i c  c o n s t a n t s  i n  t e r m s  o f  r e d u c e d  q u a n t i t i e s .
I n  u s i n g  t h e  p a i r  p o t e n t i a l  ( 1 . 1 )  i t  was fo u n d  most 
c o n v e n i e n t  t o  e x p r e s s  a l l  t h e  therm odynam ic  q u a n t i t i e s  i n  t e r m s  
o f  t h e  r e d u c e d  p r o p e r t i e s .  Thus a l l  e n e r g i e s  a r e  e x p r e s s e d  
i n  t e rm s  o f  Ne , vo lumes i n  t e r m s  o f  Nr^ and p r e s s u r e  and  
e l a s t i c  c o n s t a n t s  i n  t e rm s  o f  £ / r^  . The q u a n t i t i e s  r e l e v a n t
t o  t h e  RGC a t  T=0K a r e  g i v e n  i n  T a b le  1 .  I n  r e d u c e d  t e r m s  t h e  
s t a t i c  l a t t i c e  tw o-body  c o n t r i b u t i o n  become
( 3 . 1 , a - i )
where  V* = V/Ni£ , $ * (2 L )  = g>/Ne and C* = C. . i£ /e
The v a r i o u s  c o e f f i c i e n t s  i n  t h e  above r e l a t i o n s  a r e  o b t a i n e d
f rom  t h e  w e l l  known two-body l a t t i c e  sums f o r  p a r t i c l e s
p*(2L') -  iLi-Q66 _ l l i i t l l
V*dB*(2L) _ 130.1  121*65
■&V* ’ " “ V*3 ~
C*(2L) = q * ( 2L) = C,*(2L) = 1^ 2  _ 0 .2 0 9
i n t e r a c t i n g  w i t h  i n v e r s e  s i x t h  and t w e l t h  power p o t e n t i a l s  
on  a f a c e - c e n t r e d  c u b ic  l a t t i c e  and  g i v e n  by L e n n a r d - J o n e s  
and  Ingham ( 1 9 2 5 ) j  M is ra  (19*+0).
The v i b r a t i o n a l  e n e r g y  c o n t r i b u t i o n  t o  t h e  e l a s t i c  
c o n s t a n t s  o f  R G C c a n n o t  be n e g l e c t e d .  The q u a s i - h a r m o n i c  
se c o n d  o r d e r  e l a s t i c  c o n s t a n t s  a t  T=OK have  b e e n  c a l c u l a t e d  
by s e v e r a l  a u t h o r s  -  B a r r o n  and  K l e i n  ( 1 9 6 5 ) ,  Fe ldm an  
e t  a l .  ( 1969)9  H u l l e r  (19716)*  The methods u s e d  by t h e s e  
a u t h o r s  can  n o t  be e a s i l y  a d o p t e d  i n  c a l c u l a t i n g  t h e  
q u a s i - h a r m o n i c  t h i r d  o r d e r  e l a s t i c  c o n s t a n t s .  I n  C h a p t e r  3 
we have  p r e s e n t e d  a method o f  c a l c u l a t i n g  t h e  q u a s i - h a r m o n i c  
e l a s t i c  c o n s t a n t s  a t  T=OK. T h i s  method i s  more r e a d i l y  
g e n e r a l i z e d  t o  c a l c u l a t e  h i g h e r - o r d e r  e l a s t i c  c o n s t a n t s .
U s ing  t h i s  method t h e  s e co n d  and  t h i r d  o r d e r  q u a s i - h a r m o n i c  
e l a s t i c  c o n s t a n t s  o f  HGC were c a l c u l a t e d  d e t a i l s  o f  which  a r e  
g i v e n  i n  C h a p te r  3* I n  t h e  c a l c u l a t i o n s  o n ly  t h e  p r e s e n c e  o f  
tw o-body  f o r c e s  g i v e n  by p o t e n t i a l  ( 1 . 1 )  were c o n s i d e r e d .
The ha rm on ic  z e r o - p o i n t  e n e r g y  i s  g i v e n  by
$  (2Z) = |  Nh<CO> (3.2)
Here  <oo> i s  t h e  f i r s t  moment o f  t h e  f r e q u e n c y  d i s t r i b u t i o n  
and  i s  e q u a l  t o  t h e  a r l t h e m a t i c  mean o f  t h e  f r e q u e n c y  s p e c t r u m .  
F o l l o w i n g  B a r r o n  and K l e i n  (1965)  t h e  s t r a i n  d e p en d e n ce  o f  
i s  c o n v e n i e n t l y  d e f i n e d  f o r  a c u b ic  c r y s t a l  by t h e  d i m e n s i o n l e s s  
c o e f f i c i e n t s  , ^ a n d  k i n  t h e  e x p a n s i o n
■ M = w [ l  -  ? ( > ] „ +  f?22+ + M l ( 1 l1  + H22+ ^
+ /312^1 u 1 2 2 + 1 2 2 % 3 + I 33 I 1P  + 2K b ^ % 2 + 1 23+ I 3 P  
+ ? P l lP '1 l1 + rll2+ I 3 P  +8N 56^1 l 2H 23I3P + ^ 123^ 11I22I33  ^
+ 2P112^1l1 ^ 2 2 + 133-* +122^ 33+ + l 33^1l 1+ 122^ ^
* ^ 1 6 6 ^ 2 3 ‘^ 2 2 + ^ 3 3^  +r^31^r)33+ ^11^ +rI l 2 ^ 1 1 + ^22^ ^
+ 2( W  V l 2 3+ ^33^12^ J  ' ( 3 . 3 )
where  t h e n . ,  a r e  t h e  L a g r a n g ia n  s t r a i n  p a r a m e t e r s .  We d i f f e rJ- j
s l i g h t l y  from B a r r o n  and K l e i n  (1965)  i n  g i v i n g  t h e  e x p a n s i o n  
i n  t e r m s  o f  r(^  r a t h e r  t h a n  i n f i n i t e s i m a l  s t r a i n  p a r a m e t e r s .  
The z e r o - p o i n t  c o n t r i b u t i o n  may t h e n  be w r i t t e n ^  i n  r e d u c e d  
n o t a t i o n
C»3 (2Z) = f o j  (3  A )
C*. (2Z) = p~> (3 * 5 )u i j k ^ ; P i j k  V*
where $ * ( 2 Z )  i s  t h e  two-body  z e r o - p o i n t  e n e r g y  c a l c u l a t e d  
i n  t h e  ha rm on ic  a p p r o x i m a t i o n ,  and  i s
§ H 2 Z )  = 1 .7  g -  [ 2 . 0 7  -  2 , A* = (3>6)
The v a l u e s  o f  a n ^ ^ i j k  r e l a v a n ^ b o r e  a r e  t a k e n  f rom t a b l e , b
o f  .-chapter  3 f o r  model ( b ) .
U s ing  method o f  homogeneous d e f o r m a t i o n s  we have
i n v e s t i g a t e d  t h e  c o n t r i b u t i o n  t o  t h e  e l a s t i c  c o n s t a n t s  due
t o  t h e  3 -^ody  i n t e r a c t i o n  i n  t h e  s t a t i c  a p p r o x i m a t i o n .  The
e l a s t i c  c o n s t a n t s  were t h e n  o b t a i n e d  f rom t h e  e x p a n s i o n  f o r
t h e  s t r a i n e d  e n e rg y  i n  powers o f  t h e  L ag ran ge  s t r a i n
p a r a m e t e r s .  The d e t a i l s  o f  t h e  c a l c u l a t i o n  have  b e e n  g i v e n
i n  t h e  a p p e n d i x .
The 3 -b o d y  i n t e r a c t i o n s  c o n s i d e r e d  h e r e  may a l l  be  w r i t t e n  
i n  t h e  form
( v u v  = z a . v y w a . t . i , )  . ( 3 . 7 )
where- V, , 1 2 , l 3 a r e  p o s i t i v e  i n t e r g e r s  r e p r e s e n t i n g  m u l t i p o l e  
o f  21'1 , 2 ^  and 2*'3 r e s p e c t i v e l y .  Thus l n =1 and U~2
r e p r e s e n t  d i p o l e s  (D) and q u a d r u p o l e s  ( Q ) < B e l l  (1970)  f i r s t  
g ave  an  e x p l i c i t  formula::- f o r  ( t i U U  ) i n  t h e  form above 
where  Z i s  an  i n t e r a c t i o n  c o e f f i c i e n t  and W,a g e o m e t r i c  
f a c t o r  d e p e n d in g  on i n t e r p a r t i c l e  d i s t a n c e s .  An e x p l i c i t  
f o r m u la  f o r  W i s  a l s o  g i v e n  by B e l l  ( 1 9 7 0 ) .  The Z v a l u e s  u s e d  
h e r e  a r e  t h o s e  c a l c u l a t e d  by D oran  (197^)  which  a s  y e t  a r e  
p r o b a b l y  t h e  most  a c c u r a t e  s e l f - c o n s i s t e n t  s e t  a v a i l a b l e  - T a b l e  2 
The 3 -b o d y  C . .  may t h u s  be w r i t t e n  as  p r o d u c t s  o f  Z and v a r i o u s  
3 -b o d y  l a t t i c e  sums o f  W and i t s  d e r i v a t i v e s  summed o v e r  FCC 
l a t t i c e .  F u l l e r  d e t a i l s  a r e  g i v e n  i n  a p p e n d ix  . I t  i s  
s i m p l e r  t o  g i v e  C. . ( l i V y  i n  t e r m s  o f  la* t h e  h a l f  s i d e  o f  t h e  
c u b i c  c e l l  o f  t h e  FCC s t r u c t u r e .  F o r  t h i s  s t r u c t u r e  V= 2Na3 , 
and  t h e  v a l u e s  o f  a a p p r o p r i a t e  t o  t h e  RGC a t  T=0K a r e  g i v e n  
i n  T ab le  1 .  Then
2& Ci 3 ( i , t z l i )  = < r z ( t , a 3) Ti j ( t - , u y  a _ (p+3)  ( 3 . 8 )
* - ( p + 3 )
2 #  = c r z ( u u p  ^  ^ ( 1, 1^ )  a ( 3 . 9 )
<r = 1 i f  t 1= u = t s p = 2 ( u + u + U )
= 3 i f  1-1 = t-l at
^  ( 3 . 10)
where t h e  T . . and  T . ., a r e  l a t t i c e  sums a p p r o p r i a t e  t o  t h el j
g i v e n  e l a s t i c  c o n s t a n t s  and 3 - b o d y  i n t e r a c t i o n s .  These  sums 
a r e  g i v e n  T ab le  3* The l a t t i c e  suras c o n v e r g e d  q u i t e  r a p i d l y .
The v a l u e s  i n  T ab le  3 a r e  t h e  v a l u e s  g i v e n  by d i r e c t  sum m at ion  
o f  a l l  t h e  t r i a n g l e s  formed by one atom a t  t h e  o r i g i n  and t h e  
o t h e r  two atoms b e in g  anywhere w i t h i n  a s p h e r e  o f  r a d i u s  s e v e n  
n e a r e s t  n e ig h b o u r s  (7Ro) from t h e  o r i g i n .  I t  was m ost  g r a t i f y i n g  
t o  f i n d  t h a t  t h e  r e l a t i o n s  ( 2 . 1 ) - ( 2 . ^ )  were s a t i s f i e d  and 
h e n c e ‘c o r r o b o r a t e d  t h e  r e s u l t s  o f  i n d i v i d u a l  l a t t i c e  sums.
The r e s u l t s  f o r  C. . (3L )  and C. (3L) were c o n v e r t e d  i n t ol j  I jK
r e d u c e d  form by d i v i d i n g  by fc/r^ . The r e s u l t s  o f  t h e s e  
c a l c u l a t i o n s  a r e  d i s p l a y e d  i n  T a b l e s  lfa-d i n  r e d u c e d  t e r m s .  I n  
T a b le  5 t h e  v a l u e s  o f  5  ? 6 ( 1 ) ,  € ( 2 )  and £ ( 3 )  a r e  g i v e n  f i r s t
c a l c u l a t e d  assum ing  no t h r e e  body f o r c e s  and t h e n  w i t h  t h e  
3 -b o d y  c o n t r i b u t i o n s .
b .  D i s c u s s i o n .
I n  a l l  t h e  r e s u l t s  i t  i s  s e e n  t h a t  i n  g o in g  from Ne t o  Xe 
ZPE e f f e c t s  d e c r e a s e  w h i l s t  3 -b o d y  e f f e c t s  (TBE) i n c r e a s e .  The 
r e s u l t s  f o r  S c o n f i r m  t h e  c o n c l u s i o n s  r e a c h e d  by many a u t h o r s ,
i . e .  ZPE a l o n e  makes <5 a lw ay s  p o s i t i v e  b u t  TBE g i v e  n e g a t i v e
c o n t r i b u t i o n s  r e s u l t i n g  i n  & becoming n e g a t i v e  f o r  A, Kr and  Xe. 
S i m i l a r  s i g n  r e v e r a l s  a r e  o b t a i n e d  w i t h  £ ( 2 )  and £( 3) «  Thus 
ZPE a l o n e  makes £ ( 2 ) ; a lw ay s  n e g a t i v e  b u t  TBE a r e  o p p o s i t e  
r e s u l t i n g  i n  p o s i t i v e  € ( 2 )  f o r  A,  Kr and Xe. A g a in  ZPE a l o n e  
makes £ ( 3 )  a lw ay s  p o s i t i v e  b u t  TBE r e v e s e s  t h i s  f o r  Kr and Xe.
I n  t h e  c a s e  o f  £ ( 1 )  ZPE e f f e c t s  a r e  sm a l l  and  TBE d o m in a t e s
t o  make £ ( 1 ) a lw ay s  p o s i t i v e .
A f u r t h e r  i n t e r e s t i n g  p o i n t  shows up i n  T a b l e s  l+a-d when 
ex am in ing  t h e  a b s o l u t e  v a l u e s  o f  t h e  f b e y  a r e  a l l  n e g a t i v e
e x c e p t  f o r  C123 f o r  anci CV?6 f o r  X e * Wit h  2 -b o d y  f o r c e s
o n l y  ^  ? C'j]+if an^ 6 ^ 5  s h o u ld  a l l  be p o s i t i v e .  F o r  £^23
g i v e s  f u r t h e r  p o s i t i v e  c o n t r i b u t i o n s  b u t  e x c e p t  i n  t h e  c a s e  o f  
Ne TBE g i v e s  l a r g e  enough n e g a t i v e  c o n t r i b u t i o n s  t o  make 6 ^ 3  
n e g a t i v e .  For  r e v e r s e ,  s i t u a t i o n  a p p l i e s ,  ZPE l a r g e
n e g a t i v e  c o n t r i b u t i o n s  and TBE a r e  p o s i t i v e ,  b u t  o n l y  i n  t h e  
c a s e  o f  Xe where ZPE a r e  r e l a t i v e l y  sm a l l  and TBE r e l a t i v e l y  
l a r g e  d o e s  t h e  n e t  r e s u l t  f o r  become p o s i t i v e .  For  C ^ ) +
b o t h  and ZPE and  TBE g i v e  n e g a t i v e  c o n t r i b u t i o n s  which  t o g e t h e r  
a r e  s u f f i c i e n t  t o  make t h e  n e t  r e s u l t  a lw ay s  n e g a t i v e .
Thus t h e  t h e o r y  p r e s e n t e d  h e r e  c an  be t e s t e d  e x p e r i m e n t a l l y  
a s  i t  p r e d i c t s
( a )  G( 2)  i s  n e g a t i v e  f o r  Ne b u t  p o s i t i v e  f o r  A, Kr and  Xe.
. (b)  G ( 3)  i s  p o s i t i v e  f o r  Re and A b u t  n e g a t i v e  f o r  Kr and Xe.
( c )  ^ 2 3  f o r  Re and f o r  Xe a r e  t h e  o n l y  p o s i t i v e  t h i r d
o r d e r  e l a s t i c  c o n s t a n t s  f o r  t h e  RGC.
However? t h e  f o l l o w i n g  p o i n t s  sh o u ld  be n o t e d .
(1 )  The b e s t  p a i r - p o t e n t i a l  h a s  n o t  b e en  u s e d .
( 2 )  For  t h e  most  i n t e r e s t i n g  e l a s t i c  c o n s t a n t s ,  namely  C-J2 3 ’
ClMf and t h e  ZPE and 3 -bo d y  e f f e c t s  a r e  s e p a r a t e l y  o f t e n
l a r g e r  t h a n  t h e  2 -body  l a t t i c e  c o n t r i b u t i o n .  T h i s  s u g g e s t s  ( a )  
t h a t  anharm onic  ZPE e f f e c t s  s h o u ld  be  c a l c u l a t e d  (b). h i g h e r  
o r d e r  many m u l t i p o l e  t e r m s  s h o u ld  be c o n s i d e r e d .  T h i s
l a t t e r  p o i n t  i s  e x e m p l i f i e d  i n  t h e  c a s e  o f  where  t h e  (DBQ)^
c o n t r i b u t i o n s  i s  n o t  o n ly  l a r g e r  t h a n  b u t  d i f f e r e n t  i n  s i g n  t o  
t h e  (DDD)^ c o n t r i b u t i o n .
( 3 )  As t h e  3 -b o dy  l a t t i c e  c o n t r i b u t i o n s  a r e  som etim es  so l a r g e  
t h e  e f f e c t s  o f  ZPE due t o  3 -body  f o r c e s  s h o u ld  be  c a l c u l a t e d ,  
p e r h a p s  w i t h  an harm on ic  t e r m s  a s  w e l l .
These  c a l c u l a t i o n s  a r e  d i f f i c u l t  t o  p e r f o r m .
I n  v iew  o f  t h e  u n c e r t a i n t i e s  r a i s e d  by t h e  n e g l e c t  o f  t h e s e  
p o i n t s  t h e  c o n f i r m a t i o n  o r  d e n i a l  by e x p e r im e n t  o f  t h e  p r e d i c t i o n s  
ma d e above would o n ly  have l i m i t e d  s i g i n i f i c a n c e . ]NTonetheless 
e x p e r i m e n t a l  v a l u e s  o f  wou^b. p r o v i d e  f e r t i l e  s o i l  f o r
t e s t i n g  t h e o r i e s  o f  t h e  RGC.
r„A° (e/K)°K e /rro 
Jm 10
v* yv* ^77)* ■
i m w ~ 3 .1 0 2 >+2 1 .91+27 0 . 71+1+9 . 0.1+861+ 2 .1 5 9
ARGON 3.761 11+2.1 3-6877 0.70L-01 0.151+5 0 .8 7 6 3
KRYPTON # .0 0 6 7 202 >+.3357 O .699 I+ 0.081+0 0.1+926
XENON # .3623 281 i+.673>+ 0 . 691+3 0 . 0522 I+ 0 .3 1 5 8
T a b le  1. P a r a m e te r s  o f  £ ( f ) 12 -  2 ( i j
Z(DDD) Z(DDQ) Z(DQQ) Z(QQQ)
NEON 6 .1 3 6 0 3 .9001 2 .5059 1 .6 2 2 8
ARGON 250 A 7 2 6 7 .9 0 293.1+7 3 2 7 .1 2
KRYPTON C\J•
• 
vr*
CS‘ 8 8 6 .7 7 ’ 105*+.!+ 1 27 3 .6
XENON 256>+.3 3589.1 501+0.7 , 7 1 0 0 .2
UNITS JnP lO '110 Jm1110' 1so Jm'310~15° Jm,5l0"w
T a b le  2. T h ree -Body I n f r a c t i o n  c o n s t a n t s
W(DDD) W(DDQ) W(DQQ) W(QQQ)
77.1+ 016 
63-71+5
1 7 .1 0 9 8  
- 632.623  
->+18.995 
- 1 1 9 - 0 3 7  
-373-1  >+5 
- 8 7 .0 0 9 1  
+56.0586
T 3 7 .3 2 75 2 6 .9322 3 9-6858
T .
12 23.2251 19.1311 31 .0592
Ti+>+ 7 .71 9 06 5-3285 8 .2 2 3 7
T1 11 -258.21+1, - 1 9 8 .5 7 6 - 3 0 7 .0 2 6
T112 - 1 1 3 . 5 0 9 . - 1 0 2 .7 0 3 -1 8 3 .8 1 6
T166 -36 .8171 -28.961+1 -51.11+26
T123 -7l+.9092 - 8 1 .5 5 9 7 -160.371+
TH+I+ -2 6 .7 1 3 6 -21 .9985 -37.5181+
Tl+56 -2 .6 1 5 8 6 +7.78211 +23.9096
T a b le  3 .  FCC L a t t i c e  Sums and T^ „
T able *+a
Neon 2L DDD + DDQ + DQQ + QQQ .= 3L 2L
. T o ta l
(2L+3L+2Z)
c*U11 37.83 3 . 8 6 1 .0 7  0 . 2 0 0 .0 2 5.15 36.1+7 79.1*5
2 6 .3 6 2 A0 0 .7 6  0 . 1 6 0.01 3-33 1 1 .25 1+0 .91+
2 6 .3 6 0.80 0 .21  0 .0>+ 0 .0 0 1 .05 19.32 1+6.73
c* - 6 7 0 .5 -t26 .7 -7.9 -1-6 --0.1 --36.3 --23I+.O -9.1+1 .2
c*112 -1+1 3 .5 -11.7 -1+.1 -0.9 -0.1 -16.9 -93.9 -521+.3
c*116 -^1 3 .5 -3-8 -1.2 -0.3 -0.0 -5-3 -95.9 -511+.7
c*123 1 1 .6 7 -7.71+ -3.23 -0.82 -0.08 -11.87 +18.6 + 18.1+
r*cl¥f 11.67 -2.76 -0.87 -0.19 -0.02 -3*82 -9-76 - 1 . 9 6*
S-56 11.67 -0.27 - 0.31 -0.12 0.01 0.17 -76.9 -6 5 .1
T a b le  hb
Argon 2L DDD + DDQ + DQQ + QQQ
11
C*12
>!<
c i+i+
c* •
c*112
C*166
C*°123
r *c iMf
*
ci+56
71.23 
Mf .23 
M+.23 
1009.5 
-593-7 
-593.7
13.69
13.69
13.69
1 0 .3 2  
6 .1+2 
2.13 
•71 .1+ 
■31 .1+ 
• 10 .2  
•20.71 
-7-38 
-0 .7 2
3-39 
2 .1+1 
0.67 
-2 5 .0  
-1 2 .9  
-3 *6 
-10.27 
-2.77 
0.98
0.78 
0.61  
0 .1 6  
- 6 . 0  
-3.6 
-1 .0 
-3 . i* f  
-0.77 
O . b ?
0 . 8 0
0.07
0 .0 2
-0.7
-O.lf
- 0.1
-0 .3 8 '
-0.09
0 .0 6
■ 3L
1 ^ .5 7  
9 .51 
2.98 
•103.1 
-*f8.3 
-1V.9 
- 3 ^ . 5 0  
- 11.01 
0.79
2Z
11+.06 
if .56
7*29
-8 8 .9
-3 5 .0
-3 5 .1
+8.3*+
- 3 .9 6
-27 .1
T o t a l
(2L+3L+2Z)
99.86
58.30
5 ^ . 5 0
-1201.5
-677.0 .
-6 V 3 .7  
- 12.5 
-1 .26 
- 1 1 . 6
T able *+c
K ry p to n  2L DDD DDQ + DQQ + QQQ 3L 2L
T o t a l
(2L+-3L-+2Z)
C*°11 7 5 .9 9 12.81 l+.06 0 .8 9 0 .0 9 1 7 .8 5 7 . 8 6 1 0 1 .7 0
c *
12 1+6.75 7 . 9 7 2 .8 8 0 . 7 0 0 .0 7 1 1 .6 2 2 .5 6 6 0 .9 3
r *CM+ 1+6.75 2 . 6 5 0 .8 0 0 .1 9 0 .0 2 3 *86 1+.07 5*+.l+8
C* - °111 10 5 6 .7 - 8 8 . 6 - 2 9 . 9 - 6 .9 - 0 . 7 -1 26 .1 -*+9*8 - 1 2 3 2 . 6
c*112 - 6 1 8 . 7 - 3 9 . 0 - 1 5 . 5 -1+.1 - 0 . 5 -5 9 .1 -19.1+ - 6 9 7 . 2
C*166 - 6 1 8 . 7 - 1 2 . 6 - 1+.1+ -1 .1 - 0 .1 - 1 8 . 2 - 1 9 .8 - 6 5 6 . 7
C*°123 13 .9 5 -2 5 .7 1 - 1 2 . 2 8 - 3 . 6 0 - 0 . 1+2 -1+2.01 -+1+ .71+
-23  .b
*
C1M+ 13 .9 5 - 9 . 1 7 - 3 .3 1 -0  08*+ - 0 . 1 0 -13 A 2 -2.2M- - 1 . 7b
*
Ci+56 13 .9 5 - 0 .9 0 1 .17 o \5 b 0 .0 6 0 .8 7 - 1 5 . 0 - 0 . 2
T a b le  J+d.
Xenon 2L DDD DDQ DQQ QQQ = 3L 2Z
T o t a l
(2L+3L2Z)
C*°11 81 .5 3 11+.85 k . 7 9 1 .06 0 . 1 0 2 0 .8 0 5 . 0 0 1 0 7 .3 3
*
C12 1+9.68 9.2!+ 3.1+1 0 .8 3 0 . 0 8 13-56 1 ,6b 61+. 88
r *CM+ 1+9.68 3 . 0 7 0 .9 5 0 . 2 2 0 . 0 2 1+.26 2*59 5 6 .5 3
*
c m " 1 1 1 1 .5  -•102.7 - 3 5 . 3 - 8 . 2 - 0 . 8 -11+7.0 -31 .7 - 1 2 9 0 .2
c*° 1 12 -61+7.6 ->+5.2 - 1 8 . 3 -1+.9 - 0 . 6 - 6 9 . 0 -1 2.1+ - 7 2 9 . 0
C*166 -61+7.6 ' -11+.6 - 5 . 2 -1.1+ - 0 . 2 -21 .1+ - 1 2 . 6 -681 .6
C*°123 1!+.2!+ - 1 9 . 8 0 -1V.52 -1+.27 - 0 . ? -1+9.09 +3.1 -31 .8
C*° 1M+ 11+.21+ - 1 0 .6 3 - 3 . 9 2 -1 .00 - 0 .1 2 - 1 5 . 6 7 1 .»+7 ' - 2 . 8 7
*
c i+56 11+ . 21+ - 1 . 01+ - 1 . 3 9 0 .  61+ 0 .0 7 1 .06 - 9 . 5 + 5 .8
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APPENDIX
E l a s t i c  C o n s t a n t s  by t h e  Method o f  Homogeneous D e f o r m a t io n s
L e t  ZW(R^m?Hlnn,Hn ) be t h e  3 -b od y  m u l t i p o l e  i n t e r a c t i o n  
f u n c t i o n  b e tw een  t h r e e  atoms x ,  m and n ,  whose p o s i t i o n  
v e c t o r s  i n  t h e  u n d i s t o r t e d  c r y s t a l  x ^ . r . t .  an  a r b i t r a r y  l a t t i c e  
s i t e  0 a s  o r i g i n  a r e  m and n r e s p e c t i v e l y  ( f i g u r e  . 1 .  ) .
I  = ( &ia, ^ a  m = (m1 a ^ ^ a , m 3 a)  and n = (r^ a 5n z a 5n5 a ) ,
where  t h e  JL. ' s ,  m. 1 s and n.  ! s a r e  i n t e g e r s  c h a r a c t e r i s i n g
X X  - X ■ i
t h e  l a t t i c e  and va i s  h a l f  t h e  s i d e  o f  a u n i t  cube i n  t h e  FCC 
l a t t i c e  and i s  e q u a l  t o  R0 / y 5  where R0 i s  t h e  n e a r e s t  n e ig h b o u r  
d i s t a n c e .  The t o t a l  i n t e r a c t i o n  e n e r g y  o f  an  u n d i s t o r t e d  
c r y s t a l  o f  N atoms i s
where  we have p u t  E = E(t . , lz ip  .
A f t e r  a homogemeous d e f o r m a t i o n  t h e  i n t e r a c t i o n  becomes
where  2 ^  r e p r e s e n t s  t h e  change  i n  t h e  s q u a r e  o f  t h e  
s e p a r a t i o n  o f  t h e  two atoms t  and  m a f t e r  d e f o r m a t i o n  and
E = i  tfZ W( 11  -  mf  , |m -  n | , |n -  J .1) (A1)
The q .  . a r e  e l e m e n t s  o f  t h e  s t r a i n  t e n s o r  and a r e  g i v e n  by
X J
w here  t h e  a r e  t h e  new e l e m e n t a r y  l a t t i c s  v e c t o r s  fo rm ed  
when a cube o f  s i d e  a i s  de fo rm ed  i n t o  a p a r a l l e l e p i p e d .
where  t h e  s u f f i x  £m h a s  b e en  a b r e v i a t e d  t o  1 ,  mn t o  2 and  n i  
t o  3 ? and t h e  o p e r a t o r  i s  ( 1 / |  I -  m L)(d /d |J [  -  mj ) .
To s i m p l i f y  t h e  summation p r o c e d u r e  we t a k e  t h e  odd 
m u l t i p o l e  o f  t h e  t r i p l e t  a s  an  o r i g i n  i n  t h e  c r y s t a l ,  i . e .  we 
c ho o se  t h e  Z th  atom a s  o r i g i n .  T h e r e f o r e  1  = 0 and  (A3) becomes
S u b s t i t u t i n g  f o r  and u s i n g  t h e  symmetry p r o p e r t i e s  o f  
c u b i c  l a t t i c e s  we o b t a i n
a5 = 2 v  where  v  i s  t h e  volume p e r  m o le c u le  f o r  t h e  FCC l a t t i c e
I f  we expand  (A2) i n  a T a y l o r  s e r i e s  i n  £> a b o u t  t h e  
u n d i s t o r t e d  l a t t i c e  p o s i t i o n s ,
E° = E + 1 02
) W (A3)
E°  = E + 2 0NZ
3 3
(Alf)
where
E° = E + ffNZ [ 1 ^ ( 7^ +  rj 22+ r ) ^ )  + g T 11 ( fT, 1 + 922+ V3 3  5
+T12 ^ 1  Ir?22+ r 2^2r?33+ ^33^11  21V ? 12+ *?23+' ^31 ^
+ 5-:T11 i ( |^ i + .<^2+ ^ 3  ^ + ?. \ ^ 6 ('rh2rl23rl3l')+'S:'l23('^1^22rl33^
+ g 1^ 2 ( 17^ ( 1722+ *733  ^ +t? 2 2 ^ 3 3 + 7-11 )■ +r?33  ^*7l 1+ 7 2 2 ) ^
+ 2 T166( 7 | 3 ( 7 22+ 7 3 3 ) +^ 1 < 7 3 3 + / / 1 1 )  +7 i 2 ( 7 h +  7 2 2 ) )
+ 2 T1ifif(7ii723+ 72273i+ 7 3 3 ^1 2 ]^ a (A?)
p = 2l f  2 i<f 2l ? 
where  T . . ,  T. .. a r e  p u r e  numbers and  a r e  g i v e n  by
^  = ( S ^  , = (S2 +2S3 ) , T12 = (S ^  +2S? ) ,
T)()( = ( \  + 2S^) , = (Sr, + 6Sg + 2S^) ,
^*112 = (S 10 *** ^ 1 1  * 2 28^3 )
T166 = ( S 10 + 2S12 + *^18 + 2S1 9 )
T1lflf = ( s m. + 2S1J  + ^ 1 6  + 2S17^
T123 = (SHf + 6S1? + 2S20)
= <S1l+ * 6S16 + 2S2 p
and -  S2<j a r e  p u re  numbers and  a r e  g i v e n  by 
= g ( m^  D W + 8 o t h e r  t e rm s  )
m£n
^2  = s  T >  (ini’ dHj. . '*h-8-other t e r m s  ) 
ipTi
^3  = 9 n 1 DmDnW ° t h e r  t e rm s  )
* (n£ nil E?W + 8 o t h e r  t e rm s  )1 2 m
18 ( m2 n2 ®nPn^ + 1 7  o t h e r  t e rm s  )
o > (m .ir io r i in^  D W+* 8 o t h e r  t e r m s  )
m£ft m n
1 2  (nft E?W + 8 o t h e r  t e rm s  ) 
9 f e n  1 ffi
•rg T"* (m^r?.rf_D W + 1 7  o t h e r  t e rm s  ) 
m?h
S 23 (m1nVmr V DmDnDmnW + 8 o t h e r  t e r m s  ) 
& n
Y g ' 2  + 1 7  o t h e r  t e rm s  )
m?1i
5 3  W + 35 o t h e r  t e rm s  )
3 5  m p n  1 2 m n
56 ^  + ^  o t h e r  t e r m s  )
IDf-fl
fa 22 ^m2l nV m2”n 2^DmDnDmnW + o t h e r  t e r m s  )18 m^n
i  2  (m^mpmiD^W + 8 o t h e r  te rm s  ) 
n#n  ^
To 322 + 17 o t h e r  t e r m s  )
m^n
1 V "' 2 9Yg 2 L  (n^mpm^npn^D'D W + 1 7  o t h e r  t e r m s  ) 
ni£n ^
2 2  ^m21n2n3^m2“ n2 ^ m3~n3 ^ m DnDmnW + 8 o t h e r  t e r m s  )m^n
3 ^  2  ^ra2 m? n 1n 2DraDnW + 35 o t h e r  t e r m s  )m^n
S19 = Tfe ^ n 1n3 ^m1~n 1 ^ m3~n3^DmDnDmnW + 17 o t h e r  t e r m s  ): m^n
Z 2 ?  n3^DmDnDmnW + ^ o t h e r  t e r m s  )20 6 M  ' “V * 2 ' “ 3 “ 3
S21 = 5  E  ^ra1m3n 1n2 ^m2” n 2 ^ m3 "‘n3 ^I)mDn'DmnW + ^ ° t h e r  t e r m s  )
E q u a t i o n  (AJ) may be compared d i r e c t l y  w i th  t h e  e x p r e s s i o n  
f o r  t h e  s t r a i n e d  e n e r g y  d e n s i t y  o b t a i n e d  from e l a s t i c i t y  
t h e o r y  f o r  c u b i c  l a t t i c e s :
= W  ~ ■p ^i7i i  + r?22+ ^ 3 3  ^ + 2C11  ^ r?H+ r?22+ ^ 3 3 ^
+ C'j2^i9 l1 l?22+ ^22*133+ ^ 33^11^ + 28Mf 2+ ^23* *?31 ^
+ '6 C1 1 1 ^ 1 1 + r?22+ ^33^ +8Ci+ 5 6 ^ 1 2 ^ 2 3 I? 3 1 ) + C123 1^22^33
+ 2C112^r?11^r!22+ ^ 3 3 ^  +r? 2 2 ^ 3 3 + + % 3 ^ 1 1  + ^22^ ^
+ 2C1 6 6 ^ 2 3 ^  2^2"** ^33^ *fK?31'^^33+ ^11^ +r? 1 2 ^ 1 1 + ^22^ ^
+ 2ClIfi+^r?H l723+ H22r?31+ H 33Hl 2^ + ...............
Thus we have
?+3) = 4  d Z T ^  a “ (p+3)
:P+3) = J =  <JZT^ a ‘ ( P+3)
p = . 1" i7 crZT1 a
C12 =
1
T7 <?ZT.j2
C111 =
1
t7 cJZT111
C166 = .
1
V 0ZT166
c 123r =
1
27 tfZT123
'112 = 7  «ZT112 a - ( P+3>
C-Htlf = 7  tfZTiMf a_(p+3)
C ^ e  = £  02TW  a " (p+3)  (A8)
The l a t t i c e  sums T c o n v e rg e d  q u i t e  r a p i d l y .  The
v a l u e s  i n  T a b le  3 a r e  t h e  v a l u e s  g i v e n  by d i r e c t  summation  o f  
a l l  t h e  t r i a n g l e s  fo rm ed  by one atom a t  t h e  o r i g i n  and t h e  o t h e r  
two atoms b e in g  anywhere  w i t h i n  a s p h e r e  o f  r a d i u s  s e v e n  n e a r e s t  
n e i g h b o u r s  (7R ) f rom t h e  o r i g i n .  I t  was most  g r a t i f y i n g  t o  
f i n d  t h a t  t h e  r e l a t i o n s  ( 2 . 1 ) - ( 2 A )  and (Afl 1) were  s a t i s f i e d  
and h e nce  c o r r o b o r a t e d  t h e  r e s u l t s  o f  i n d i v i d u a l  l a t t i c e  sums.
By w r i t i n g  e x p l i c i t l y  t h e  e x p r e s s i o n s  f o r  t h e  sums S^ q
and S 21 i t  c a n  be shown t h a t
R e l a t i o n  (A11) i s  a g e n e r a l  r e s u l t  which  h o l d s  among t h e  t h i r d  
o r d e r  e l a s t i c  c o n s t a n t s  o f  a c u b ic  s o l i d  i n  t h e  p r e s e n c e  o f  a
3 -b o d y  p o t e n t i a l  which  a l t h o u g h  n o n c e n t r a l  i n  n a t u r e  d e p en d s  
o n l y  on t h e  i n t e r p a r t i c l e  d i s t a n c e s  ( t h e  DDD, DDQ, DQQ and 
QQQ t e r m s  a r e  o f  t h i s  n a t u r e ) .
Some p r e l i m i n a r y  i n v e s t i g a t i o n s  s u g g e s t  t o  u s  t h e  f o l l o w i n g  
h y p o t h e s i s  r e g a r d i n g  r e l a t i o n s  amongst  e l a s t i c  c o n s t a n t s  o f  a 
c u b i c  s o l i d  i n  t h e  s t a t i c  l a t t i c e  a p p r o x i m a t i o n  where  n -b o d y  
i n t e r a c t i o n s  a r e  p r e s e n t .  The h y p o t h e s i s  i s  t h a t  t h e r e  i s  one 
r e l a t i o n  amongst  t h e  n t h  o r d e r  e l a s t i c  c o n s t a n t s  i n  t h e  
p r e s e n c e  o f  an  n -body  p o t e n t i a l .  F o r  e xam p le ,  f ° r
two body f o r c e s .  3 -b o d y  f o r c e s  d e s t r o y s  t h i s  e q u a l i t y  b u t
S20 + 28  21 ~  3S17 (A9)
Hence
T123 + 2V 6  = 3Tm
and i t  f o l l o w s  from  (A8)
c 123 + 2Ck56 ~ 3G1V+ (A11)
g i v e s  us  C-] 23 + 2Ci+56 = F o u r  b °dy f o r c e s  would d e s t r o y
t h i s  r e l a t i o n  b u t  would  l e a v e  u s  w i t h  a r e l a t i o n  amongst  
f o u r t h  o r d e r  e l a s t i c  c o n s t a n t s ,  and so o n 0
rnr\
P o s i t i o n  v e c t o r s  o f  t h r e e  atoms i n  t h e  u n d i s t o r t e d  l a t t i c e .
CHAPTER 3
THE ZERO-POINT ENERGY CONTRIBUTION TO THE ELASTIC CONSTANTS.
1• I n t r o d u c t i o n
The z e r o - p o i n t  v i b r a t i o n a l  e n e rg y  i s  known t o  p l a y  an 
i m p o r t a n t  p a r t  i n  d e t e r m i n i n g  t h e  therm odynam ic  and 
t h e r m o e l a s t i c  p r o p e r t i e s  o f  some s u b s t a n c e s .  I n  p a r t i c u l a r ,  
t h e  c o h e s i v e  e n e r g y ,  e q u i l i b r i u m  volume,  b u l k  m odu lus  and
t h e  e l a s t i c  c o n s t a n t s  o f  t h e  l i g h t e r  i n e r t  g a s  s o l i d s  depend^  
a p p r e c i a b l y  n o t  o n ly  on t h e  ha rm o n ic  b u t  a l s o  t h e  an h arm on ic
v i b r a t i o n a l  e n e rg y  a t  dK. I t  i s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  .
t o  b r i e f l y  r e v i e w  t h e  methods t h a t  have  b e e n  u s e d  t o  c a l c u l a t e
t h e  z e r o  p o i n t  v i b r a t i o n a l  c o n t r i b u t i o n  t o  t h e  e l a s t i c
c o n s t a n t s  and t h e n  d e v e lo p  -' a new method b a s e d  on t h e
q u a s i - h a r m o n i c  a p p r o x i m a t i o n .
I n  t h e  q u a s i - h a r m o n i c  a p p r o x i m a t i o n ,  as  i t  i s  most  
commonly r e f e r r e d  t o ,  t h e  e n e r g y  s t a t e s  o f  t h e  s o l i d  a r e  
assumed t o  be  phonon s t a t e s  w i t h  f r e q u e n c i e s  d e t e r m i n e d  
by t h e  s e c o n d - o r d e r  f o r c e  c o n s t a n t s ,  b u t  t h e  d e p en d e n ce  o f  
t h e  f o r c e  c o n s t a n t s  upon s t r a i n s  and volume c h a n g e s  i s  t a k e n  
i n t o  a c c o u n t . .
The z e r o - p o i n t  e n e rg y  i n  t h e  ha rm on ic  a p p r o x i m a t i o n  i s  
p r o p o r t i o n a l  t o  t h e  f i r s t  moment ^  o f  t h e  f r e q u e n c y  d i s t r i b u t i o n .  
Hence t h e  e l a s t i c  p r o p e r t i e s  o f  t h e  . rare  gas s o l i d s  a t  (5k 
f o l l o w  from t h e  s t r a i n  dep en d en ce  o f  p, . S a l t e r  (195*f) 
u s e d  t h e  D o m b -S a l te r  a p p r o x i m a t i o n ,  = ( 1 5 / 1 6 ,  and 
so assumed t h a t  t h e  s t r a i n  dependence  o f  pi a n d w a s  ^ i d e n t i c a l .
L eib fr ied  and Ludwig (1961)  a lso  based th e ir  c a lc u la t io n s  ■ 
on jtk . Barron and K lein  (1965)  have shown that t h i s  ;■ 
procedure i s  not v a l id .  They used the f i r s t  three even 
moments and th e ir  s tr a in  dependence to  obtain  that of  jLh 
by ex trap o la t ion . The r e s u l t s  agree with S a lte r  fo r  bulk 
modulus but not for the shear con stan ts , where the Bomb-Salter 
approximation overestim ates the e f f e c t  of the zero -p o in t  
energy.
With the advent of  high speed computers, an approach 
to  the problem of c a lc u la t in g  the quasi-harmonic e l a s t i c  
constants has been developed based on the formal exp ression s  
derived by Feldman 096*+) and in vo lv in g  the summation over 
the wave numbers and p o la r iz a t io n  vectors of the l a t t i c e .
I n  t h i s  method a l l  the strain-dependent terms in  an expansion
o f  the dynamical matrix about the undeformed l a t t i c e  s i t e  
i s  c h o s e n  as the perturbation  These are then evaluated  by 
standard perturbation  theory using e igenvalues and 
eigenvectors of the undeformed dynamical matrix as b a s i s .  
Feldman e t  a l ,  (1969) using t h i s  method f u l l y  confirmed the  
accuracy of the method of Barron and K lein .
By comparing in  d e ta i l  the c a lc u la t io n s  of Barron and 
K lein  (1963) and that of S a lter  (195*+-) i t  was found that  
in  c a lc u la t in g  the zero-po in t con trib ution  to  the thermodynamic 
p rop erties  of s o l id s  from methods invo lv in g  only the second 
moment px of the frequency d is t r ib u t io n  are inadequate for  
the fo llow in g  reasons*.
( i )  I t  i n c o r p o r a t e s  t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n
j [ii)  C o r r e l a t i o n  be tw een  p a r t i c l e s  a r e  i g n o r e d .
These  c an  be  u n d e r s t o o d  more c l e a r l y  by c o n s i d e r i n g  
t h e  c e l l  model which  i s  e q u i v a l e n t  t o  an E i n s t e i n  model 
o f  a s o l i d  f o r  c r y s t a l s  w i t h  one atom p e r  p r i m i t i v e  c e l l .
The E i n s t e i n  model c o n s i d e r s  t h e  v i b r a t i o n  o f  one atom o f  
t h e  c r y s t a l  moving i n  a p o t e n t i a l  p ro d u c e d  by a l l  t h e  o t h e r s  
a t  r e s t  i n  t h e i r  e q u i l i b r i u m  p o s t i o n .  The c e n t r a l  p rob lem  
i n  t h e  c e l l  model i s  t o  c a l c u l a t e  t h e  p o t e n t i a l  e n e r g y ,  §> , 
o f  an  atom d i s p l a c e d  a d i s t a n c e  ^ f rom i t s  e q u i l i b r i u m  
p o s i t i o n ,  due t o  i t s  i n t e r a c t i o n  v i a  a p a i r  p o t e n t i a l  <^(£)
( f o r  s i m p l i c i t y  we r e s t i c t  our  d i s c u s s i o n  t o  a p a i r  p o t e n t i a l  
a l t h o u g h  a many-body p o t e n t i a l  e . g .  3 -body  p o t e n t i a l  may 
be  i n c l u d e d )  w i t h  a l l  t h e  o t h e r  a toms a t  r e s t  on t h e i r  
l a t t i c e  s i t e s .  §5 may be ex panded  i n  a power s e r i e s  i n  (2 , 
t h e  c o e f f i c i e n t s  o f  which  d e p e n d '  on ^ summations o f  v a r i o u s  
d e r i v a t i v e s  o f  o v e r  a l l  t h e  l a t t i c e  s i t e s ,  i 5and  t h e  
a n g l e s  Bi be tw een  t h e  d i s p l a c e d  atom and t h e  l a t t i c e  s i t e s .
The a n g u l a r  dependence  o f  t h e  p o t e n t i a l  e n e r g y  i s  Ms p h e r i c a l i z e d "  
by a v e r a g i n g  o v e r  a s p h e r e  l e a v i n g  a sym m etr ic  f u n c t i o n  
d e p e n d in g  o n ly  on ^  . T h is  a p p r o x i m a t i o n  i s  e x a c t  f o r  
h a rm o n ic  f o r c e s  and  e x t r e m l y  good f o r  t h e  c l o s e d - p a c k e d  
r a r e  g as  s o l i d s  ( B a r k e r  195.6, C h e l l  1 9 6 8 ) .  I n  t h e  
q u a s i - h a r m o n i c  E i n s t e i n  model where  g e n e r a l l y  t h e  
s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n  i s  u s e d ,  i t  i s  f o u n d  t h e  
E i n s t e i n  f r e q u e n c y  i s  g i v e n  by jj£  and hence  t h e  z e r o - p o i n t  
e n e r g y  i n  t h i s  model i s  o n ly  a few p e r c e n t  (by  a f a c t o r  ( 15/ 1 6 ^  
t o  be  e x a c t )  h i g h e r  t h a n  t h a t  g i v e n  by D o m b -S a l te r  a p p r o x i m a t i o n  
which  i s  known t o  be v e r y  c l o s e  t o  t h e  e x a c t  v a l u e .  Hence 
i n  t h i s  r e s p e c t  t h e  E i n s t e i n  model and D o m b -S a l te r  a p p r o x i m a t i o n  
a r e  e q u i v a l e n t .  I n  t h e  p r e s e n t  work t h e  q u a s i - h a r m o n i c  
E i n s t e i n  model i n v o l v i n g  t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n
w i l l  be c a l l e d  t h e  i s o t r o p i c  E i n s t e i n  m odel .  When c a l c u l a t i n g  
t h e  s t r a i n  d ep en dence  o f  t h e  z e r o - p o i n t  e n e r g y  i t  i s  o n ly  
a f t e r  t h e  d e r i v a t i v e s  o f  t h e  z e r o - p o i n t  e n e rg y  w . r . t .  t h e  
s t r a i n  a r e  c a l c u l a t e d  t h a t  one c an  t a k e  t h e  c r y s t a l  
symmetry i n t o  c o n s i d e r a t i o n  ( B a r r o n  and K l e i n ,  1963) and  n o t  
b e f o r e .  T h i s  means t h a t  i n  t h e  i s o t r o p i c  E i n s t e i n  model 
f o r  a c u b ic  s o l i d  t h e  c r y s t a l  symmetry i s  c o n s i d e r e d  t w i c e  
when c a l c u l a t i n g  t h e  s t r a i n  de p en d e n ce  o f  t h e  E i n s t e i n  
f r e q u e n c y .  F i r s t ,  i n  d e r i v i n g  t h e  e x p r e s s i o n  f o r  t h e
f r e q u e n c y  ( t h i s  i s  g e n e r a l l y  e q u a l  t o ) and t h e n  a g a i n  
a f t e r  t a k i n g  t h e  s t r a i n  d e r i v a t i v e s  o f  t h i s  f r e q u e n c y .  S u r e l y ,
t h i s  p r o c e d u r e  c an  n o t  be c o r r e c t .  Of c o u r s e ,  when c a l c u l a t i n g
t h e  e n e r g y  and i t s  volume d e r i v a t i v e s - t h i s  r e p e t i t i o n  d o es
n o t  o c c u r  b e c a u s e  i n  d e t e r m i n i n g  t h e  e n e r g y ,  o n l y  t h e
e x p r e s s i o n  f o r  t h e  f r e q u e n c y  i s  r e q u i r e d  and t h e  volume i s
i n d e p e n d e n t  o f  t h e  c r y s t a l  symmetry (hen ce  i t  d o e s  n o t  m a t t e r
w h e th e r  t h e  c r y s t a l  symmetry i s  c o n s i d e r e d  b e f o r e  o r  a f t e r
t a k i n g  volume d e r i v a t i v e ) .  F o r  t h i s  r e a s o n s  t h e  i s o t r o p i c
E i n s t e i n  model g ives e x c e l l e n t  r e s u l t s  f o r  i s o t r o p i c
therm odynam ic  q u a n t i t i e s  such  a s  t h e  z e r o - p o i n t  e n e r g y ,  t h e
p r e s s u r e  and t h e  b u l k  m o du lus .  I t  i s  n o t  e x p e c t e d  t o
g i v e  good r e s u l t s  f o r  t h e  i n d i v i d u a l  e l a s t i c  c o n s t a n t s
b e c a u s e  t h e n  t h e  c o r r e c t  p r o c e d u r e  would n o t  have  b e e n
a d o p t e d .
I n  t h e  p r e s e n t  c h a p t e r  a method i s  d e v i s e d  w hich  i n v o l v e s  
a T a y l o r  s e r i e s  e x p a n s i o n  o f  t h e  p o t e n t i a l  e n e r g y  up t o  t h e  
ha rm o n ic  f o r c e s .  The H a m i l t o n i a n  o f  t h e  sy s tem  o f  p a r t i c l e s  
i s  s e p a r a t e d  i n t o  two p a r t s  one c o n s i s t i n g  o f  t h e  E i n s t e i n  
model and t h e  o t h e r  c o n t a i n i n g  t h e  c o r r e l a t i o n  p o t e n t i a l .
T h i s  s e p a r a t i o n  i s  a lw ays  p o s s i b l e . H e r e  i n  t h e  E i n s t e i n
model t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n  i s  n o t  u s e d  and 
i t  i s  shown t h a t  i t  g i v e s  v e r y  d i f f e r e n t  and more a c c u r a t e  
r e s u l t s  f o r  e l a s t i c  c o n s t a n t s  t h a n  t h e  i s o t r o p i c  E i n s t e i n  
m o d e l .  I n  t h i s  way i t  was p o s s i b l e  t o  a s s e s s  t h e  e r r o r s  
i n  c a l c u l a t i n g  t h e  e l a s t i c  c o n s t a n t s  due t o  s p h e r i c a l i z a t i o n  
a p p r o x i m a t i o n  and a l s o  t h a t  due t o  t h e  c o r r e l a t i o n ,
2 T heory
C o n s i d e r  a sy s te m  o f  N i d e n t i c a l  p a r t i c l e s  e a c h  o f  mass 
M which  v i b r a t e  a b o u t  t h e  e q u i l i b r i u m  p o s i t i o n  X ( i )  i n  a
c o n s e r v a t i v e  f o r c e  f i e l d  d e r i v e d  s o l e y  from a p o t e n t i a l  
p n e rg y  $  * We d e n o te  t h e  v e c t o r  d i s p l a c e m e n t  o f  an  atom from 
t h e  p o s i t i o n  X ( i )  by U ( i ) , and t h e n  expand t h e  p o t e n t i a l  
. e n e r g y  as  a power s e r i e s  i n  c a r t e s i a n  co m p osen ts  U ( i ) .
$  = &  + 2 4- ^ i s x  keU<x^  u f ^ k ) + h i s h e r  t e r m  . { 2 . 1 )
P , = 1 , 2 , 3
i , k =  T, 2 , 3 *** N
The H a m i l t o n i a n  o f  t h e  sys tem  i s
,2.
h = & + i r  m + \  v k ) - ( 2 ' 2 )
i,cc 10^
The m o t io n  o f  t h e  sys tem  can  t h e n  be e x p r e s s e d  a s  a
s u p e r p o s i t i o n  o f  3 N harm on ic  v i b r a t i o n s  (no rm al  m o d e s ) ,  t h e  
s q u a r e  o f  whose f r e q u e n c i e s o 
3Nx3N m a t r i x  o9 w i t h  e le m e n t s
n c i e s  OX a r e  t h e  e i g e n v a l u e s  o f  t h e
J
® i a ,  k(3 "  M ^ i a , k £ *  ( 2 , 3 )
The t a s k  i n v o l v e d  i n  o b t a i n i n g  t h e  norm al  modes i s  w e l l  known. 
H ere  a method i s  d e v e lo p e d  t o  f a c i l a t e  t h e  c o m p u t a t i o n  o f  ’ 
t h e  thermodynamic  p r o p e r t i e s  i n  t h e  l i m i t .  T=OK. S i n c e
^ioc kp i s ■ i n d e p e n d e n t  o f  t h e  i n d e x  i , k  and dep en d s  s o l e l y  on 
t h e  d i f f e r e n c e  i - k  i t  i s  a lw ays  p o s s i b l e  t o  w r i t e  t h e
H a m i t i o n i a n  g i v e n  by ( 2 . 2 )  a s
( 2 A )
where
( 2 . 5 )
i s  t h e  H a m i l t o n i a n  f o r  N f r e e - ' a to m s  ( i . e .  E i n s t e i n  m odel)  
and
i s  t h e  p o t e n t i a l  due t o  i n t e r a c t i o n .  Even t h e  s o l u t i o n  o f  
c a n  n o t  i n  g e n e r a l  be o b t a i n e d  i n  an  a n a l y t i c a l  f o r m .  
P r e v i o u s l y  t h e  s p h e r i c a l i z a t i o n  p r o c e s s  was u s e d  so t h a t  t h e  
se c o n d  te rm  on t h e  r i g h t  hand s i d e  o f  e q u a t i o n  ( 2 . 5 ) r e d u c e s  
t o  a s i n g l e  q u a d r a t u r e  and i n  t h i s  way was r e p r e s e n t e d  by
and /\  was fo u n d  from t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n .  Here  
we do n o t  make t h i s  a p p r o x i m a t i o n  b u t  ch oose  X  so t h a t  i t  g i v e s  
t h e  e x a c t  z e r o - p o i n t  e n e rg y  c o r r e s p o n d i n g  t o  H^ i n  e q u a t i o n
( 2 . 5 ) *  T h is  v a l u e  o f  X  w i l l  be  d e n o te d  by and i n  t h i s  way 
t h e  H a m i l t o n i a n  f o r  N f r e e  a toms i s
H0 =■& + \  m 2 -  ( U ( i )  + < 4  V ( i )  ) ( 2 . 8 )
^ i
and t h a t  o f  t h e  i n t e r a c t i n g  sy s te m  i s  t h e n  d e s c r i b e d  by
t o . k p  u« (1 )  ue (k )
(2 . 6 )
i k
k ^ i
Hi  = 2 M U ( i )  + ^ T J ( i ) ( 2 . 7 )
H i s  a q u a d r a t i c  fo rm  o f  U ( i )  and U ( i ) .  D e n o t in g  t h e  3N 
d e m e n s io n a l  v e c t o r  -[u ( i ) }  by U we have
2
H =@0 + ~  M U + M U<9 U ( 2 . 1 0 )
The dy n am ica l  m a t r i x  08 may be w r i t t e n  a s  t h e  sum o f  two m a t r i c e s  
DI and Y, r e p r e s e n t i n g  t h e  f r e e  sy s tem  and t h e  c o r r e l a t i o n  te rm  
r e s p e c t i v e l y .  D i s  a 3x3 m a t r i x  w i t h  e l e m e n t s
= ®  i a  , i £  = M ^  i<* ,ijS ( 2 . 11a)
and  I  i s  3Nx3N u n i t  m a t r i x .  The 3Nx3N m a t r i x  Y i s  g i v e n  by
Y = ( J ± .)  ( 2 . 11b)
and Y . . d e s c r i b e s  t h e  i n t e r a c t i o n  te rm  V . .10 10
Yi i  = Yi k  i<*,kp “ M ^  ic< ,kj3 ( 2 . 11c)
The g round  s t a t e  e n e rg y  c o r r e s p o n d i n g  t o  H i s  t h e  z e r o - p o i n t  
e n e r g y  o f  t h e  normal  modes
E(Z) = \  fa t r a c e d  \  h  t r a c e  (D I ) ^  [ i  + (D I ) '  X] ^  ( 2 . 12a )
I n  g e n e r a l  t h e  e l e m e n t s  o f  DI a r e  n u m e r i c a l l y  d o m in a n t  and  
d e c r i b e s  t h e  " s e l f  f o r c e "  on a g i v e n  p a r t i c l e  and h e n ce  we may 
e xpand  r i g h t  hand s i d e  o f  ( 2 . 1 2 a )  i n  power o f  (DI) ' .  T h u s ,
r 2  ^
E(Z) = \  fa t r  ( D I ) \ I  + [ (D I) '  Y] -  | [ ( D I ) " Y j  + ^  [(DI)" ¥ ? + . . }
( 2 . 12b)
In  C2.?2a) we "have made ' the- approxim ation i' t h a t  — £he -
-m atrices DI and Y commute. The reasons f o r  m a k m g  
t h i s  a p p r o x i m a t e  p • -ate  g i v e n - - t h e  -appendix,  C p . S 3 a ) .W e
f u r t h e r  m ake  an a p p r o x i m a t i o n  b y  t a k i n g  th e  t r a c e s  o£
( D I ) H  ( D l f j f  a s  t h e  p r o d u c t  o f  t h e i r  t r a c e s .  Hence ,
t r  (DI)'®' [  ( D l f Y ] n = t r  ( D I ) ^  t r  [  (DI)" Yj° ( 2 . 1 3 a )
3jsT
I n  t h i s  way t h e  z e r o - p o i n t  e n e rg y  o f  t h e  normal  modes becom es ,  
E(Z)  = |  n j t r ( D I ) ^  + -g t r  ( D I p t r  [ (D I ) ’ y]  -  -g t r  ( D l p t r  [(DI)"’ Y]
+ P  t r  ( D I ) h r  [  (DI)" Y] + . . . j  ; ( 2 . 1 3 b )
which  may be f u r t h e r  s i m p l i f i e d  t o  g i v e  
HZ) = I A ,, f ( ,  .  I  «  KB^pa - 1 tr  K B lfJ  ,  t r  R E lllI5
# m  »-> e / r
= | « h . r § * { ,  . i t r l i E I p ' . ^ t r r a a p f . . . . }  (2.lW
S i n c e  t r  [(DI)" y]  =0.
The f i r s t  t e rm  i n  ( 2 . 1 k )  r e p r e s e n t s  t h e  E i n s t e i n  a p p r o x i m a t i o n
and t h e  r e s t  o f  t h e  t e r m s  t h e  c o r r e l a t i o n  e f f e c t .  From ( 2 . 1k)
D2i t  i s  c l e a r  t h a t  t a k i n g  OJE = t r  would g i v e  t h e  e x a c t  z e r o - p o i n t  
e n e rg y  c o r r e s p o n d i n g  t o  t h e  E i n s t e i n  m odel .
The z e r o - p o i n t  e n e rg y  i s  c o n v e n i e n t l y  e x p r e s s e d  a s
E(Z)  = |  N h<w> ( 2 . 1 5 )
where
<Cb>=CDe (  1 .  1  t r  K U l l k  P  t r  ( 2 . 1 6 )
Here  and e l s e w h e r e  t a k i n g  t h e  n t e r m s  i n  t h e  e x p a n s i o n  ( 2 . 1 6 )  
w i l l  be c a l l e d  t h e  n t h  a p p r o x i m a t i o n .  Hence ,  t h e  f i r s t  
a p p r o x i m a t i o n  g i v e s  t h e  E i n s t e i n  model ( i . e .  no c o r r e l a t i o n  
b e tw e e n  p a r t i c l e s  o f  t h e  s o l i d ) . . t h e  seco n d  a p p r o x i m a t i o n  g i v e s  
E i n s t e i n  model p l u s  two-body  c o r r e l a t i o n ;  t h e  t h i r d  a p p r o x i m a t i o n  
g i v e s  E i n s t e i n  model p l u s  tw o-body  and t h r e e - b o d y  c o r r e l a t i o n  
and so o n .  The e x p a n s i o n  ( 2 . 1 6 )  i s  s i m i l a r  t o  t h a t  g i v e n  by 
S a l t e r  (195?)  where  he  u s e s  jJlz i n  p l a c e  o f  cOe
2.1.E x p r e s s i o n  f o r  &)g .
The H a m i l t o n ia n  H^ g i v e n  by e q u a t i o n  ( 2 . 5 )  r e p r e s e n t s  
a n i s o t r o p i c  h a rm o n ic  o s c i l l a t o r  t h e  s q u a r e  o f  whose f r e q u e n c i e s  
9\15 7?2 and 7% a r e  t h e  s o l u t i o n  o f  s e c u l a r  e q u a t i o n
[ d  -  *  i j  = 0 ( 2 . 17)
and t h e  m a t r i x  D i s  g i v e n  by
A^ ( i )
C12(i)
c12(i)
A2 ( i )
C1 3 ( i )
C2 3 ( i )
C ^ ( i )  C2^ ( i )  A3 ^
( 2 . 1 8 )
where ^ ( i )  — i<x, jjx M ^ i t f . i ^  ’
fj-gy (*•) i s  ^ i i  ±S , i ^
The z e r o - p o i n t  e n e rg y  o f  H^ i s  75 t i(Ai +‘Xx+^3 ) 
L e t t i n g
S ( 2 . 1 9 )
( 2 . 2 0 )
i t  c an  be shown from t h e  g e n e r a l  t h e o r y  o f  e q u a t i o n s  t h a t
Cd4 -  6 K( i)O)2 -  8 ^ 0 1  + 9 k U )  -  = 0 ( 2 . 2 1 )
where
O2- rsl
3 K ( i )  = ^ 1  + ^ 2+ ^  3 = ^  A ^ i )  + A2 ( i )  + A3 ( i )  ( 2 . 2 2 )
a  = ^ i ^ 2  - ^ 2 * 3  + ^ 3 ^ 1  = M A1 ( i ) A 2 ( i )  + A2 ( i ) A 3 ( i )  ;
+ A ^ d J A ^  ( i )  -  C1 2 ( i )  -  C1 3 ( i )
-  C2 3 ( i )  ( 2 . 2 3 )
= ^ 2 ^ 3  = ^  A1 ( l ) A 2 ( i ) A 3 ( i )  + 2 C1 2 ( i )  C1 3 ( i ) . C 2 3 ( i )
A1 ( i ) C 2^ ( i )  -  A2 ( i ) C ^ ( i )  -  A ^ ( i ) C 1 2 ( i ) .  ( 2 . 2 '-f)
Tak ing  = 3^ £ i v e s  t h e  c o r r e c t  z e r o - p o i n t
e n e r g y  f o r  t h e  f r e e  s y s te m .
2.9.Bigid Assembly w i t h  P a i r  P o t e n t i a l s  b e tw een  P a r t i c l e s
I n  t h e  f o l l o w i n g  d i s c u s s i o n  t h e  n o t a t i o n  o f  B a r r o n  and 
K l e i n  (1963)  a r e  u s e d .
We now make t h e  f u r t h e r  r e s t r i c t i o n  t h a t  t h e  p o t e n t i a l  
e n e r g y ^ )  c an  be e x p r e s s e d  i n  t h e  e q u i v a l e n t  fo rm s
®  = ^ i k (rik) = 2 ^  f ik(r ik) (2.2?)
where  r ^  i s  t h e  d i s t a n c e  b e tw e e n  t h e  p a r t i c l e  i  and k .
The m a t r i x  e l e m e n t s  i n  e q u a t i o n  ( 2 . 3 )  c a n  t h e n  be c a l c u l a t e d :
^ i « , k j f  " 2 ^  f i k  '  h ^ ( i . k ) X p ( i , k )  f " k ( 1 # )  ( 2 . 2 6 )
^ i a >kr  S i  fik + ^ ^ (1’k)Xe( i ’k) f ik] {2-27>
where St i s  t h e  K ro n eck e r  d e l t a ,  f ^  and f ^  a r e  t h e  f i r s t  and
s e c o n d  d e r i v a t i v e s  o f  t h e  f u n c t i o n  e v a l u a t e d  a.t.-jthe
e q u i l i b r i u m  d i s t a n c e  R ^ j  and X ( i ?k )  = X(k) -  X ( i ) .  I t  f o l l o w s  
a t  once  from e q u a t i o n s  ( 2 . 19 ) t h a t
a k ( i )  = [2  f'i k (R \k ) + If x i  ( i 5k )  f [ k ( R \ k ) ]  ; ( 2 . 2 8 )
^  ( i )  = | j ? i  ^  XS ( i ,k )  x r  ( i , k )  q k (PMk )J ( 2 . 2 9 )
The m a t r i x  e l e m e n t s  o f  Y a r e  t h e n  g i v e n  by
Yi i  = 0 5 *Tk = h k ^ i P  - ** x*( i .k> ^ ( i 5k) f ; k(R2ik)J
( 2 . 3 0 )
U s in g  ( 2 . 3 0 )  ancl ( 2 . 1 8 )  t h e  t r a c e s  o f \ j [D I)  y]  a r e  e a s i l y  
c a l c u l a t e d :
t r [ ( D I ) ‘' l ] =  ( i )  +C2 2 ( i )  +c!i3(i)]S1(i) +Cc21 2 ( i )  +A2 ( i )
2. *2 *2. 2,
+C2^ (i)J  S2 ( i )  + [ 5 ^ ( 1 )  +C2^ ( i )  + A ^ ( i ) J S ^ ( i )
+ 2[&1 ( i ) C 12 ( i )  +A2 ( i ) C 1 2 ( i )  + C ^ ( i ) C 2^ ( i ) J  B1 2 ( i )
+ 2 p 1 ( D C ^ d )  +C1 2 ( i ) C 2^ ( i )  B ^ i )
+ 2 [ S 12( i ) C 1^ ( i )  +A2 ( i ) C ^ ( i )  + A . ( i ) C 2^ ( i ) j  B ^ ( i ) j
( 2 . 3 1 )
where Acc(i) and 0^(1)  a r e  t h e  c o f a c t o r s  o f  Aot(i) and  % ( i )  5 t h e
e le m e n t s  o f  t h e  m a t r i x  D g i v e n  by ( 2 . 1 8 )  and ^  i s  t h e  d e t e r m i n a n t
o f  D g i v e n  by ( 2 . 2 l+ ) .  Sot( i )  and ^ j - ( i )  r e p r e s e n t s  t h e  c o r r e l a t i o n  
t e r m s  and a r e  c a l c u l a t e d  w i t h  t h e  h e l p  o f  ( 2 . 3 0 ) :
S « ( i )  = ^ 2 ^ { M f l k ) + 1 6 X o t ( i ,k ) [ f i k f >ik  + r i k ( g i k )]jr ^ _ R^
B,8(i) = ^ Z { 1 6  X^(i,k)X<f(i,k) + r ik(f i k)2J] rik=Rik
( 2 . 3 2 a - b )
The h i g h e r  o r d e r  t r a c e s  become v e ry  cumbersome and  so o n l y  t h e  
f i r s t  two te rm s  i n  t h e  e x p a n s i o n  ( 2 . 1 5 ) a r e  r e t a i n e d .
9 3 .S t ra in  dependence  o f  t h e  z e r o - p o i n t  e n e r g y .
The s t r a i n  must be  d e f i n e d  w i t h  r e s p e c t  t o  some r e f e r e n c e  
c o n f i g u r a t i o n  which we s h a l l  c a l l  t h e  u n s t r a i n e d  s t a t e .  We 
d e n o t e  q u a n t i t i e s  r e f e r r i n g  t o  t h e  u n s t r a i n e d  s t a t e  by w r i t i n g  
0 above t h e  a p p r o p r i a t e  sym bol ;  f o r  e x am p le ,  d e n o t e s  
t h e  d i s t a n c e  b e tw ee n  t h e  e q u i l i b r i u m  s i t e s  i  and  k i n  t h e  
u n s t r a i n e d  s t a t e .  We d e f i n e  a m a c r o s c o p ic  homogeneous s t r a i n  
o f  a s o l i d  by t h e  m a t r i x  e q u a t i o n
X,
(
W \
e6
e 5
( 2 . 3 3 )
where  (X ^ X ^ jX ^ )  i s  a p o i n t  o f  t h e  s o l i d  v iew ed  a s  a c o n t in u u m ,  
and e^ a r e  s t r a i n  p a r a m e t e r s  ( we s h a l l  be c o n c e r n e d  o n l y  w i t h  
t h e  p a r a m e t e r s  e^ d e s c r i b i n g ,  a homogeneous s t r a i n ,  and  n o t  . 
w i t h  g e n e r a l  s t r a i n  c o o r d i n a t e s  )«
As a c r y s t a l  i s  s t r a i n e d  t h e  c o n f i g u r a t i o n  o f  a toms w i t h i n  
a p r i m i t i v e  c e l l  does  n o t  i n  g e n e r a l  s im p ly  f o l l o w  t h e  
m a c r o s c o p ic  s t r a i n ,  b u t  we s h a l l  c o n f i n e  our  a t t e n t i o n  o n l y  t o  
t h o s e  c r y s t a l s  i n  which each  atom i s  a c e n t r e  o f  a sym m etry .
F o r  t h e s e  c r y s t a l s  e q u a t i o n  ( 2 . 3 3 )  c an  be a p p l i e d  d i r e c t l y  
t o  t h e  e q u i l i b r i u m  p o s i t i o n  X ( i )  o f  e ach  i n d i v i d u a l  a tom , 
and i n  p a r t i c u l a r
X - j ( i , k )  = (1+e.j )X.j ( i , k )  + e^X2 ( i , k )  + e ^ X ^ ( i , k )  e t c .  (2.3*+)
and
Ri k = [ x . d j k ) ]  + Cx0 ( i , k ) ]  + [ x , ( i , k ) T ( 2 , 3 5 )
The e x p r e s s i o n  (2.1U-) f o r  E(Z)  depends  on t h e  s t r a i n  o n ly  t h r o u g h  
t h i s  s t r a i n  depen d e n ce  o f  ( i , k;) and
2.4- The s t r a i n  d ep endence  o f  t h e  f u n c t i o n
The s t r a i n  dependence  o f  t h e  z e r o - p o i n t  e n e r g y  depends  on 
t h e  s t r a i n  d ep endence  o f  <Jx)) . Hence d i f f e r e n t i a t i n g  e q u a t i o n  
( 2 . 1 ? )  w . r . t .  t h e  s t r a i n  e^ and r e t a i n i n g  f i r s t  two. t e r m s  
o f  ( 2 . 1 ? )  g i v e s
4 ^ > -  .  1  f  4 ^  t r  K M g l f  +Co, 4 -  t r - B E H L s f ’l  (p  % )357 - 337 8 1 337 3N +We 35, t r  3N J1 1 U 1 1 ^
The f u n c t i o n  OJe and i t s  d e r i v a t i v e s  a r e  t o  be c a l c u l a t e d  from 
e q u a t i o n  ( 2 . 2 1 )  s in ce£u e = ^ -  . T hus ,
( W -  i 2 K ( i ) w  -  s p i )  4 f -  + M -  '
i  o e i  f i t  0 e i
+ 18K ( i )  -  if 4 | -  = 0 . ( 2 . 3 7 )
i  i
From ( 2 . 2 2 ) - ( 2 .2^)  and ( 2 . 3 1 )  t h e  s t r a i n  d e r i v a t i v e s  o f  K ( i ) ,
OC ? j3 » t r [ ( D I ) ' y J  r e s p e c t i v e l y ,  may be o b t a i n e d .  Hence a l l  
t h e  d e r i v a t i v e s  r e q u i r e d  i n  ( 2 . 3 6 )  can  be d e t e r m i n e d .  I n  a 
s i m i l a r  manner t h e  h i g h e r  o r d e r  s t r a i n  d e r i v a t i v e s  o f  t h e  
f u n c t i o n  <£o) may be d e t e r m i n e d .
2.  ^ A p p l i c a t i o n  t o  Cubic  C r y s t a l s .
I n  c a l c u l a t i n g  t h e  s t r a i n  depen d en ce  o f  t h e  z e r o - p o i n t  
e n e r g y  f o r  c u b ic  c r y s t a l s ,  i t  i s  o n ly  a f t e r  d i f f e r e n t i a t i n g  
t h a t  we can  e v a l u a t e  our  e x p r e s s i o n s  f o r  t h e  r e f e r e n c e  
c o n f i g u r a t i o n s ,  and hence  assume c u b ic  symmetry.
B ecause  o f  t h e  c u b ic  symmetry t h e r e  a r e  o n ly  one i n d e p e n d e n t  
f i r s t  d e r i v a t i v e ,  t h r e e  i n d e p e n d e n t  s e co n d  d e r i v a t i v e s  and 
s i x  i n d e p e n d e n t  t h i r d  d e r i v a t i v e s .
The s t r a i n  d ep en dence  o f  <(coJ i s  c o n v e n i e n t l y  d e f i n e d  f o r  a 
c u b i c  c r y s t a l s  by two s e t s  o f  t h e  d i m e n s i o n l e s s  c o e f f i c i e n t s
?  ’ A j ’ A j k  and z ’ z i j >  z i j k  i n  t h e  e x p a n s i o n s
1 -  z ( e i + e2+ e , )  + -|  ( e ^ + ^ + s p n -  z 1 2 ( e 2 e 3+e3 e i + e i ? 2 ^
The seco n d  o r d e r  e l a s t i c  c o n s t a n t s  C • .  and t h e  t h i r d  o r d e r
r e l a t i o n s .  The i s o t h e r m a l  and  a d i a b a t i c  e l a s t i c  c o n s t a n t s  a r e  
i d e n t i c a l  a t  T=0, and may be o b t a i n e d  from t h e  t o t a l  i n t e r n a l
+ e ^ ( 03 +e1 ) ) J ( 2 . 38 )
-COb [  1 -  (n^+r)2i'f7 ^  + 2^11 + . A ] 2 ^ 1 ^ 2 +^ 2^3 + ^3^1 ^
2A (-lf (^Lf+'?5+'?6 ) + M n (f? V f?W 3 ) + 2 A l 2 (r}1 (^ 2 +l^3)
+*7 3 ( 17^ + 173) + ^ 2 3 rh ^ 3  +
+ t f i k k W J K *  + 2A 6 6 (fV  A A  + A A A } )
) ]  . ( 2 . 3 9 )
The H . . i n  ( 2 . 3 9 )  a r e  t h e  L ang rang e  s t r a i n  p a r a m e t e r s .r j
e l a s t i c  c o n s t a n t s  a r e  a p p r o p r i a t e  i n  d i s c u s s i n g  t h e  Cauchy
e n e r g y  E which i s  t h e  sum o f  s t a t i c  l a t t i c e  e n e r g y  and t h e  
z e r o - p o i n t  v i b r a t i o n a l  e n e r g y ;  we w r i t e ,
E = E(2L) + E(Z) (2.h-0)
where  E(2L) i s  i d e n t i c a l  w i t h  $  i n  e q u a t i o n  ( 2 . 1 )  •■.and E (Z)  i s  
g i v e n  by e q u a t i o n  ( 2 . 1 5 ) *  The e l a s t i c  c o n s t a n t s  a t  T=0 a r e  
t h e r e f o r e  g i v e n  by
Ci j  = Ci j (2L) + 1  $ (Z) h i  _ ■ ( 2 . M)
Ci j k  = Ci j k (2 1 )  + $ §  (Z) ^ i J k  ( 2 . ^ 2 )
w h i l e  t h e  p r e s s u r e  i s  g i v e n  by
• P = P(2L) + ( Z ) y  (2.1+3)
Here  §  (Z) = | n  fe d>s . 0 ^ ( 2 1 , ) ,  Ci ; j k ( 2L) and P(2L) a r e  t h e
s t a t i c  l a t t i c e  c o n t r i b u t i o n  t o  t h e  e l a s t i c  c o n s t a n t s  and  t h e  
p r e s s u r e .
Fo r  t h e  s t r a i n  d e f i n e d  by ( 2 . 3 3 )  t h e  L agrange  s t r a i n  
p a r a m e t e r s  a r e  g i v e n  by
A  55 e i j  + 2 e i k ek j  ( 2 . 1* )
S u b s t i t u t i n g  f o r  17. . i n t o  ( 2 . 3 9 )  s^ d  com par ing  i t  w i t h  ( 2 . 3 8 )  
t h e  two s e t s  o f  c o e f f i c i e n t s  a r e  c o n n e c t e d  by
y  ~ z * f i n  = z n  + $  1 fi-] 2 = z 12 ’ f b b  ~ z t 4  +: 2 ^  *
^111  = z m  “ 3 A i  +?^  » n  12 = Z112 " Z12 ’ A 23 = Z123 5
P \ lfl+ = 7a ) +1+ "  2 z 12 ’ A l 6 6  = Z 166 ~ I ^ z - n + z i 2 +lfZU V ' 3 ^   ^ »
f i V t  = z>4-56 “ ^ ( z A  2 i y ' ( 2 * 5 )
With t h e  h e l p  o f  t h e s e  r e l a t i o n s  t h e  s t r a i n  d e r i v a t i v e s  
o f  Ct)£ and t r [ ( D I ) " 'y ]  w . r . t .  a r e  c a l c u l a t e d .
A f t e r  t a k i n g  t h e  c u b ic  symmetry i n t o  a c c o u n t  K ( i ) 5 OC ,j3 
and  t h e i r  s t r a i n  d e r i v a t i v e  a r e  c a l c u l a t e d  from e q u a t i o n  ( 2 . 2 2 ) -  
(2.2*+) and hence  e q u a t i o n  ( 2 . 2 1 )  i s  s o l v e d  f o r  CjJe and e q u a t i o n  
( 2 . 3 7 )  f o r  t h e  f i r s t  d e r i v a t i v e s  o f  COe . P r o c e e d i n g  i n  a 
s i m i l a r  manner t h e  h i g h e r  s t r a i n  d e r i v a t i v e s  o f  ooe. may be
o b t a i n e d .  I n  t h i s  way we f i n d ,
&& _ 1 . itL;
~ 2 k T D *  3 (2.>+6)
.2 a
o«e 1 l+L;.+ 8S;. . 1 f l+Ln f  8 /Lt  w, OT. , mA]
3 ? ^  "  2 K ( i ) &- . 3 V l C ( i ) ^ V 3  )  "13 U i ) % \ 3  3 A
(2.1+7)
6 e | e 2 = 1TW T)&  1+ K ( i ) ( ^ +( 3  _3M:) ]  (2.1+8)
1 |  = 2 ~ k m  -  { f W f *  (8M01 (2A9)
The t h i r d  d e r i v a t i v e s  o f  cu^  . a r e  l e n g t h y  and so a r e  g i v e n  i n  
t h e  a p p e n d ix  t o g e t h e r  w i t h  t h e  e x p r e s s i o n s  f o r  K ( i ) ,  Ll , Mi, T; 
and  S i .  The s t r a i n  d e r i v a t i v e s  o f  t r ^ D l j Y ^  a r e  a l s o  g i v e n  i n  
t h e  a p p e n d i x .
2.6. Remark on t h e  i s o t r o p i c  therm odynam ic  p r o p e r t i e s .
.. A.s m en t io n ed  e a r l i e r  f o r  c u b ic  s o l i d s  t h e  z e r o - p o i n t  e n e r g y ,  
t h e  p r e s s u r e  and t h e  b u lk  modulus c a l c u l a t e d  from E i n s t e i n  
model  i n v o l v i n g  t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n  and  t h a t  
which  does  n o t  i n v o l v e  s p h e r i c a l z a t i o n  a p p r o x i m a t i o n  a r e  e x p e c t e d  
t o  be i d e n t i t a l  , b u t  n o t  f o r  t h e  i n d i v i d u a l  e l a s t i c  c o n s t a n t s .  
T h i s  . is  e x p l i c i t l y  d e m o n s t r a t e d  t h r o u g h  e q u a t i o n s  ( 2 . 1+6) -  ( 2 J + 9 ) .
F o r  c u b ic  s o l i d s  J0 = K^(i) , OC = 3KZ( i )  and s u b s t i t u t i n g  t h e s e  
i n t o  e q u a t i o n  ( 2 , 2 1 )  g i v e s
CO = 3 k U )  o r  CO = -  K ( i )  ( 2 . J 0 )
and b e c a u se  t h e  v i b r a t i o n a l  f r e q u e n c i e s  a r e  p o s i t i v e  t h e  
n e g a t i v e  r o o t  i s  d i s c a r d e d .  Thus
COe = K^i)  and h e n c e ,  00k -  K ( i )  = T ra c e  ~ lJx
I f  t h e  s t r a i n  d e r i v a t i v e s  a r e  c a l c u l a t e d  from Lh. t h e n  t h e y
d i f f e r  from t h o s e  o b t a i n e d  from Cue by t h e  t e rm s  i n  c u r l y  
b r a c k e t s  i n  e q u a t i o n  (2.*+6) -  ( 2 . ^ 9 ) *  r^ he v i b r a t i o n a l  
c o n t r i b u t i o n  t o  t h e  b u lk  modulus i s  g i v e n  by t h e  sum o f  e q u a t i o n  
( 2 . k 7 )  and t w i c e  e q u a t i o n  (2.*+8) and hence  t h e  t e r m s  i n  t h e  
c u r l y  b r a c k e t s  e x a c t l y  c a n c e l  e a c h  o t h e r .  B u t ,  f o r  t h e  s h e a r  
c o n s t a n t s  which i n v o l v e s  t h e  d i f f e r e n c e  z .^  -  t h e s e  t e r m s  
add up and t h e  n e t  e f f e c t  i s  t o  d e c r e a s e  i t s  m a g n i t u d e .  A l s o ,  
f o r  t h e  s h e a r  c o n s t a n t  z ^  t h e  seco n d  te rm  on t h e  r . h . s .  o f  
e q u a t i o n  ( 2 . ^ 9 )  i s  i n  g e n e r a l  a b o u t  35% o f  t h e  f i r s t  t e r m  and 
t h i s  i s  t h e  r e a s o n  f o r  t h e  o v e r e s t i m a t e d  r e s u l t  o f  S a l t e r ’ s 
a p p r o x i m a t i o n  ( 195*+) f o r
3• C a l c u l a t i o n s  '
The h e a v i e s t  i n e r t  g a s e s  Ne, A r , Kr and Xe c o n d e n se  i n  
f . c . c .  c r y s t a l s  and hence  a l l  c a l c u l a t i o n s  p r e s e n t e d  be low  
a r e  f o r  t h i s  symmetry .
3 . 1 .  N e a r e s t  Neighbour  Model w i t h  C e n t r a l  F o r c e s .
Here  we use  t h e  n o t a t i o n  o f  B a r ro n  and K l e i n  (1965)  anc*
a l l  q u a n t i t i e s  a r e  e v a l u a t e d  a t  t h e  volume f o r  w hich  t h e  
s t a t i c  l a t t i c e  e n e r g y  i s  a minimum. ( A l l  q u a n t i t i e s  e v a l u a t e d
a t  t h i s  volume a r e  marked by a s u p e r s c r i p t  t i l d e ) .  Thus ,
a 2 = $ \  a3 = r | n  ^  = ? 4 \  ^  f
where  -gpr and §  i s  t h a t  g i v e n  i n  e q u a t i o n  ( 2 . 2 5 )  •
( i )  The z e r o - p o i n t  e n e r g y .
F o r  t h i s  model  t h e  z e r o - p o i n t  e n e rg y  i s  E (Z)  = 1 . 0 2 7 5 ( 8 3 2 ^ )
w h e re a s  I s e n b e r g  (1963)  u s i n g  3*+ moments h a s  shown t h a t  f o r
x
t h i s  model i t  i s  1 .0227 ( 8 a ^ K ) 2 and hence  t h e  p r e s e n t  
a p p r o x i m a t i o n  i n c u r s  o n ly  a b o u t  e r r o r .  T h i s  e r r o r  i s  
p r o b a b l y  a t t r i b u t e d  t o  t h e  n o n - i n c l u s i o n  o f  h i g h e r - b o d y  
c o r r e l a t i o n s .
( i i )  E l a s t i c  c o n s t a n t s .
The v i b r a t i o n a l  c o n t r i b u t i o n  t o  t h e  second  o r d e r  e l a s t i c  
c o n s t a n t s  a r e  p r e s e n t e d  i n  T a b le  1 i n  t h e  n o t a t i o n  o f  B a r r o n  
and  K l e i n  (1965)  ( V  and z . .  i n  e q u a t i o n  ( 2 . 3 8 )  a r e  t o  be 
d i v i d e d  by a f a c t o r  ( 3 1 /3 2 )  s i n c e  h e r e  (oSy = (3V 3 2 )C O e  ) .  A l s o  
where  p o s s i b l e  t h e  r e s u l t s  o f  p r e v i o u s  w o rk e r s  a r e  g i v e n .
I t  may be s e e n  t h a t  a n i s o t r o p i c  E i n s t e i n  model  g i v e s  r e a s o n a b l y  
good r e s u l t s  f o r  t h e  e l a s t i c  c o n s t a n t s .  F u r t h e r ,  when 
c o r r e l a t i o n  t e r m s  i s  t a k e n  i n t o  a c c o u n t  t h e  r e s u l t s  a r e  much 
im p ro v e d .  I t  would be n o t i c e d  t h a t  i s  t h e  l e a s t  and
i s  th e  most  a f f e c t e d  by t h e  c o r r e l a t i o n  t e r m .  T h i s  s u g g e s t s  
t h a t  a s  t h e  a n i s o t r o p y  o f  a therm odynam ic  q u a n t i t y  i n c r e a s e s  
t h e  more s e n s i t i v e  i t  becomes t o  t h e  many p a r t i c l e  c o r r e l a t i o n .  
The c o e f f i c i e n t  o f  t h e  q u a r t i c  terra  i s  i n d e p e n d e n t  o f  t h e
c o r r e l a t i o n  e f f e c t s .  T h is ,  i s  i n  a g re em e n t  w i t h  t h e  r e s u l t s  
o f  Ba-rron and K l e i n  (1963)  where t h e y  found  i t  t o  be i n d e p e n d e n t  
o f  t h e  f r e q u e n c y  moments.
The o n l y  a v a i l a b l e  d a t a  f o r  compar ing  t h e  p r e s e n t  t h e o r y  
w i t h  t h e  s t a n d a r d  l a t t i c e  d y n a m ica l  c a l c u l a t i o n s  a r e  t h o s e  o f  
Fe ldm an  e t  a l  (1969)  where t h e y  have c a l c u l a t e d  t h e  a n h arm on ic  
c o n t r i b u t i o n  t o  , t h e  Debye e q u i v a l e n t  t e m p e r a t u r e  g i v i n g  
t h e  c a l o r i m e t r i c  p r o p e r t i e s  (Cv , S e ts . )  a t  low t e m p e r a t u r e s .
The anharm on ic  c o n t r i b u t i o n  t o  may be c a l c u l a t e d  from t h e
q u a s i h a r m o n ic  e l a s t i c  c o n s t a n t s  ( B a r r o n  and K l e i n  1962 ,  Fe ldm an  
196*f) o f  a c u b ic  .s o l i d  a t  T=0 u s i n g  t h e  t a b l e s  o f  de  Launay 
(195*0 ? 1956, 1959) • I n  t h i s  way B a r r o n  and K l e i n  (1965)  have  
shown t h a t  t h e  f i r s t  o r d e r  anh arm o n ic  c o n t r i b u t i o n  t o  (Bfc i s  
g i v e n  by ,
= p s U o ■ -  0. if039$z(l>+ 0.5131  A?'- 0 .6 6 0 6  ( 3 . 1 )
<2£ L
S u b s t i t u t i n g  J&y etc* from T a b le  1 i n t o  ( 3 . 1 )  we f i n d  i n  t h e  f i r s t  
and  secon d  a p p r o x i m a t i o n
A ® 1  K  -  ( 0 . 2099)aj + ( 1 0 . 2 8 ) %  + 21 .5
4®° nc cL -  (0.281+7)3* + ( 1 0 . 2 0 ) %  + 2 1 . 6
(B%
r e s p e c t i v e l y , w h i l e  B a r r o n  and K l e i n ; and Fe ldman e t  a l  fo u n d  
% -  (0.31+0.0!+)% + (10+0.7 )% + ( 2 1 . 8 + 1 . 3 )
<3>i
% -  ( 0 .29 7 7 )3 ;  + ( 1 0 . 6 8 ) ^  + 2 0 .0
r e s p e c t i v e l y . Our c a l c u l a t i o n s ,  t h e r e f o r e  a r e  i n  good a g re e m e n t
w i t h  t h e  p r e v i o u s  s t u d i e s  on t h e  f . c . c .  l a t t i c e  w i t h  s h o r t
r a n g e  c e n t r a l  f o r c e s .  I t  may be n o t i c e d  t h a t  t h e  o n l y
s i g n i f i c a n t  change  due t o  c o r r e l a t i o n  e f f e c t  i s  i n  t h e
2
c o e f f i c i e n t  o f  t h e  c u b ic  te rm  a^ . .
* Here  we have  u sed  th e  n o t a t i o n  o f  Feldman e t  a l  ( 196 9 ) 
where %  % =(?  3 r) ^  and % %
I n  t h e  p r e s e n t  a p p r o x i m a t i o n  t h e  t h i r d  o r d e r  e l a s t i c  
c o n s t a n t s  f o r  a f a c e  c e n t r e d  c u b ic  l a t t i c e  a t  T=0 may be 
w r i t t e n  a s
c . ., = c . ( l) + ifi. ..e(z.)17 i j k  i j k v 7 l j k  v 7
w h e r e ' l l  = r J / V ?  i s  t h e  volume p e r  atom and r0 i s  t h e  n e a r e s t
n e ig h b o u r  d i s t a n c e .  The z e r o - p o i n t  e n e rg y  e(z.) i s  g i v e n  by
e(z.) = 1 .0275 ( 8 % / M r  •
*
The i s  t h e  s t a t i c  l a t t i c e  c o n t r i b u t i o n  t o  t h e  e l a s t i c
c o n s t a n t s ; ^
C ^ U )  = 2 C 112 (L) = 2 C166 (L) = |  t?  ( a 5 - 3 a 2 )
c123(l) = "  SlMf(L) = c^?6(l) = 0 .
Hence f o r  t h e  n e a r e s t  n e ig h b o u r  c e n t r a l  f o r c e  model t h e
r> rv
c o n t r i b u t i o n  t o  t h e  e l a s t i c  c o n s t a n t s  comes
r'
s o l e l y  from t h e  v i b r a t i o n a l  e n e r g y ® ^ j ^  a r e  d i s p l a y e d  i n  t a b l e  3 »
The te rm  i n  Xg- i s  i n d e p e n d e n t  o f  t h e  c o r r e l a t i o n  e f f e c t .
The i n t e r e s t i n g  r e s u l t  i s  f o r  t h e  most  a n i s o t r o p i c  e l a s t i c  
c o n s t a n t  where t h e  l e a d i n g  t e r m s  i n  a r e  ^ 3 3 3  an<I  ^ 3
A l s o ,  t h e  c o r r e l a t i o n  e f f e c t  o n / ^ ^  i s s m a l l .  Had t h e  i s o t r o p i c  
E i n s t e i n  model ( i e .  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n )  b een  u s e d ,  
t h e  t e rm s  ^ 3 3 3  anc* ^33 would have  b een  z e r o .  T h u s ,  t h e s e  t e r m s  
a r e  p r i m a r i l y  d e t e r m i n e d  by t h e  a n i s t r o p i c  e f f e c t  ( i e .  u s e  o f  
a n i s o t r o p i c  E i n s t e i n  model)  r a t h a r  t h a n  th e  c o r r e l a t i o n  e f f e c t .
3 . 2 _______A l l  Neighbour  Model w i t h  C e n t r a l  F o r c e .
To i l l u s t r a t e  t h i s  model a M ie - L e n n a r d - J o n e s  ( 1 2 , 6 ) 
p o t e n t i a l  f u n c t i o n  was c h o sen  o f  t h e  form
$ 5 ( r )  = £
' \ 1Z  /  >6  Im.\ o I Im
r  /  l r
where  6 i s  t h e  d e p th  o f  t h e  p o t e n t i a l  a t  t h e  minimum .
The t h e o r y  i s  a p p l i e d  i n  e v a l u a t i n g  t h e  z e r o - p o in t -  e n e r g y  
c o n t r i b u t i o n  t o  t h e  second  and t h i r d  o r d e r  e l a s t i c  c o n s t a n t s  
o f  t h e  i n e r t  ga s  s o l i d s  Ne, A, Kr and Xe which c r y s t a l l i s e  
i n t o  a f . c . c  s t r u c t u r e .  I n  t h e  c a l c u l a t i o n s  t h e  s e t s  o f  
p a r a m e t e r s  g i v e n  i n  t a b l e  1 o f  c h a p t e r  2 were u s e d .  The r e s u l t s  
f o r  $  and g i v e n  i n  (2.*f1) and (2.*+3) a r e  p r e s e n t e d  i n
t a b l e  3« F o r  t h i s  model t h e  o n ly  d a t a  a v a i l a b l e  f o r  c o m p a r i s o n  
a r e  t h o s e  o f  B a r ro n  and K l e i n  (1 9 6?)  and t h e s e  a r e  g i v e n  i n  
T a b le  5 i n .  t h e i r  n o t a t i o n  f o r ,  t h e  e a s e  ( rm /rn ) = 1 where  r, 
i s  t h e  n e a r e s t  n e ig h b o u r  d i s t a n c e .  I n  t a b l e  *fa-kd a r e  p r e s e n t e d  
t h e  v a l u e s  o f  i n e q u a t i o n  ( 2 A 2 )  which g i v e s  t h e
c o n t r i b u t i o n  o f  t h e  z e r o - p o i n t  h a r m o n i c  e n e r g y  t o  t h e  t h i r d  
o r d e r  e l a s t i c  c o n s t a n t s  •
I n  t h e  c a s e  o f  second  o r d e r  e l a s t i c  c o n s t a n t s  and t h e  
G r u n e i s e n  p a r a m e t e r  / ,  even  t h e  f i r s t  a p p r o x i m a t i o n  ( i . e .  
a n i s o t r o p i c  E i n s t e i n  model)  g i v e s  good r e s u l t s  e s p e c i a l l y  f o r  
The second  a p p r o x i m a t i o n  ( i . e .  i n c l u d i n g  tw o-body  
c o r r e l a t i o n  t e rm )  seems t o  a c c o u n t  f o r  a lm o s t  a l l  t h e  c o r r e l a t i o n  
t e r m s .
The a n i s o t r o p i c  E i n s t e i n  model e s t i m a t e s  t h e  c o r r e c t  
m a g n i tu d e  f o r  t h e  s t r a in -d e p e n d e n c e  o f  t h e  z e r o - p o i n t  e n e r g y .
n e a r l y  i n d e p e n d e t  o f  t h e  c o r r e l a t i o n  e f f e c t .
^3116 and a r a  changed  by a b o u t  20% when many a r t i c l e
c o r r e l a t i o n  i s  t a k e n  i n t o  a c c o u n t ,  f i . ^  and  a r e  ^he
m ost  e f f e c t e d  by t h e  c o r r e l a t i o n  t e r m ,  a s  much a s  50%, I t
seem s,  t h e r e f o r e ,  t o  improve t h e  a c c u r a c y  o f  ft-] 23 a n ^
h i g h e r  o r d e r  c o r r e l a t i o n  t e r m s  m ust  be c o n s i d e r e d .  B u t ,  i t  i s  
m os t  p r o b a b l e  t h a t  t h e i r  e f f e c t  would be s m a l l . I t .  i s  c l e a r . t h a t  t h e  
s t r a i n - d e p e n d e n c e  • o f  t h e  z e r o - p o i n t  e n e r g y  c a l c u l a t e d  from 
i s o t r o p i c  E i n s t e i n  model (T a b le - i f a -d )  w i l l  be g r o s s l y  i n  e r r o r .
if.  D i s c u s s i o n .
The second  and t h i r d  o r d e r  e l a s t i c  c o n s t a n t s  have  b e e n  
c a l c u l a t e d  from an e x p r e s s i o n  f o r  t h e  z e r o - p o i n t  e n e r g y  d e r i v e d  
u s i n g  a n i s o t r o p i c  E i n s t e i n  model  t o g e t h e r  w i t h  t h e  c o r r e l a t i o n  
t e r m .  I t  h a s  b e en  shown t h a t  f o r  the* i s o t r o p i c  q u a n t i t i e s  
su c h  a s  t h e  z e r o - p o i n t  e n e r g y , ' t h e  p r e s s u r e  and  t h e  b u l k  m odulus  
t h e  i s o t r o p i c  E i n s t e i n  model ( IE )  and  t h e  a n i s o t r o p i c  E i n s t e i n  
model (AE) g i v e s  i d e n t i c a l  r e s u l t s .  I f  c o r r e l a t i o n  e f f e c t s  
a r e  t h e n  i n c l u d e d  e x c e l l e n t  a g re e m e n t  i s  fou n d  w i t h  r e f i n e d  
l a t t i c e  d y n am ica l  c a l c u l a t i o n s .
F o r  a n i s o t r o p i c  q u a n t i t i e s  such  a s  e l a s t i c  c o n s t a n t s  t h e  
IE and t h e  AE g iv e  w id e ly  d i f f e r e n t  r e s u l t s .  I t  i s  known t h a t  
IE g i v e s  i n c o r r e c t  r e s u l t s  f o r  e l a s t i c  c o n s t a n t s  ( B a r r o n  and  
K l e i n ,  1 9 6 5 ) .  Our method u s i n g  t h e  AE g i v e s  much im proved  
r e s u l t s ,  and i f  c o r r e l a t i o n s  e f f e c t s  a r e  t h e n  i n c l u d e d  once  a g a i n  
v e r y  good a g re em en t  w i t h  p r e c i s e  l a t t i c e  d y n a m ic a l  c a l c u l a t i o n  
i s  a c h e i v e d .  T h i s  a g re em e n t  gave  c o n f i d e n c e  i n  e x t e n d i n g  t h e  
c a l c u l a t i o n s  f o r  t h e  v i b r a t i o n a l  c o n t r i b u t i o n s  t o  t h e  t h i r d  
o r d e r  e l a s t i c  c o n s t a n t s  u s i n g  t h e  p r e s e n t  m e th o d .
The a d v a n t a g e s  o f  t h e  u s i n g  o u r  method i . e  t h e  AE model 
p l u s  c o r r e l a t i o n ,  o v e r  p r e c i s e  l a t t i c e  d y n a m ic a l  c a l c u l a t i o n s  
a r e  t h a t
(1 )  a l l  n e ig h b o u r  m odels  w i t h  e i t h e r  c e n t r a l  o r  non -  
c e n t r a l  f o r c e s  a r e  e a s i l y  t r e a t e d  w hereas  l a t t i c e  
d y n a m ic a l  c a l c u l a t i o n s  t o  d a t e  o n l y  t r e a t  n e a r e s t  n e ig h b o u r  
e f f e c t s .
( 2 )  i t  i s  r e a d i l y  g e n e r a l i z e d  t o  h ig h e r ,  o r d e r  . e l a s t i c  
c o n s t a n t s .
( 3 )  i t  a v o i d s  t h a t  u s e  o f  p e r t u r b a t i o n  t h e o r y  i n  d e t e r m i n i n g  
t h e  s t r a i n  d ep en d e n ce  o f  t h e  v i b r a t i o n a l  e n e r g y  i n  t h e  
q u a s i - h a r m o n i c  a p p r o x i m a t i o n .
We n o t e  i n  t h e  c a s e  o f  C ^ ^ *  ^ 1+56 an(* ^ h a t  in .  t h e
n e a r e s t  n e ig h b o u r  a p p r o x i m a t i o n  t h e  2 -body  l a t t i c e  c o n t r i b u t i o n  
i s  z e r o  and e v en  i n  a l l - n e i g h b o u r  model  t h e  2 -b o d y  l a t t i c e  
c o n t r i b u t i o n  i s  sm a l l  ( e q u a t i o n  3*1 C h a p te r  2 ) .  Thus f o r  t h e s e  
e l a s t i c  c o n s t a n t s  t h e  v i b r a t i o n a l  c o n t r i b u t i o n  i s  l a r g e r  t h a n  
t h e  s t a t i c  c o n t r i b u t i o n s .  T h i s  s u g g e s t s  t h a t  p e r h a p s  an h arm o n ic  
z e r o - p o i n t  e f f e c t s  o u g h t  t o  be  i n c l u d e d ,  and i n  p r i n c i p l e  t h e  
a n i s o t r o p i c  E i n s t e i n  model  i s  e a s i l y  e x te n d e d  t o  t a k e  t h e s e  
e f f e c t s  i n t o  a c c o u n t .
X ^ 3 3 7 ^ 3 X
a 0.01 , 0 . 0 . - 0 .1 6 6 7 -0 .3 3 3 3
9Yi)
b 0 . 0 0 . 0 - 0 .1 6 6 7 -0 .3 7 6 3
C: 0 . 0 0 . 0 - 0 .1 6 6 7 - 0 . 3 8 5
d 0 . 0 0 . 0 - 0 .1 6 6 7 - 0 . 3 7 6
a 0 c 08333 - 0 .0 3 1 3 0.1  Ob-2 - 0 .3 6 5
b 0 .0 83 3 3 - 0 .0 3 3 9 0 .1 1 5 8 -0.1+78'
c O.C8333 -0.035b- 0 .1 1 7 -O.lf-7
a 0 . Ob-16 7 -0 .0 2 6 1 - 0.0521 - 0 . 3 1 8
fi.P b O.Ob-16 7 -0.02b;7 - 0 .0 5 6 6 -0  .*+11
c 0 .  Ob-167 - 0 .02b-2 - 0 ,0 5 9 -0.1+2
a 0 . Ob-167 -0.010b- 0 .1  Ob-2 - 0 . 0 9 ^
U i]
b 0 .Ob-167 -0 .01 3 1 0 .12 0 3 - 0 .1 1 3
c 0 .  Ob-167 -0 .0 1 3 5 0 .1 1 8 - 0 . 1 0 2
a P r e s e n t  work i n  t h e  f i r s t  a p p r o x i m a t i o n  i . e .  A n i s o t r o p i c
E i n s t e i n  m odel .
b P r e s e n t  work i n  t h e  s e co n d  a p p r o x i m a t i o n  i . e .  i n c l u d i n g
c o r r e l a t i o n  .
c B a r ro n  and K l e i n  1 9 6 5 .The e r r o r s  q u o te d  by them a r e
1C$, 5$j  and 1?$ f o r  t h e  t e r m s 7^  and
r e s p e c t i v e l y ,  
d Feldman and H o r to n  1967.
Qfend a r e  o f  t h e  form ^4-“  ^+^ 35(a^)+ az + vaTu e s
o f  X  a n d > 2 g i v e n  abo v e .
The s t r a i n  d ependence  o f  t h e  z e r o - p o i n t  e n e r g y  f o r  t h e  
n e a r e s t - n e i g h b o u r "  c e n t r a l  f o r c e  model  
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Neon ^  ^
O' 3 ^ 8 6  3 -33 2
. 1 9 .2 6  16 .89
f \ z  *t-.6V 5 .21
A , k  11-15  8 . 9 ?
Argon
q  3 .2 5 0  3 .1 0 7
A 1 8 .2 0  1 6 . 0^
^12 H 7 2  . 5 .2 0
1 0 .3 6  8 . 3 2
K r y p to n
q  3 -2 2 8  3 .0 9
/2)1 1 8 .1 0  1 5 .9 6
j312 lf .72  • 5 .1 9
1 0 .2 8  8 .2 6
Xenon
q  3 . 3 0 2  3 . 0 6
1 8 .0 0  1 5 .8 6
^ 12 h .7 3  5 .1 8
Pkk . 1 0 .2 0  8 .1 9
(a) A n i s o t r o p i c  E i n s t e i n  model
(b) C o r r e l a t e d  A n i s o t r o p i c  E i n s t e i n  model
The second  o r d e r  s t r a i n  d ep en d e n ce  o f  t h e  z e r o - p o i n t  
e n e rg y  f o r  t h e  6 -1 2  a l l - n e i g h b o u r  model
TABLE 3
Neon ( a ) (b ) ( c )
A m -12>+.7l - 1 0 8 . 3 8 - 1 0 3 . 2b
n  12 -  ^5.!+*+ -  *f3 A 8 -  58.1+1
$ 6 6  ' -  5 i -51 -  Mt.38 - 1 0 1 .1 1
•$23 + 1 5 .3 2 + 8 .6 2 + 1+3 . 1+9
-  12 .23 -  b-.52 + 5 7 .0 0
A 56 -  ^ 0 . 0 0 -  3 5 .6!f
TABLE 1+a
+ 0 . 2 0
Lrgon
( a ) (b ) ( c )
• $ n -116.1+9 -1 0 1 .5 1 -  9 9 -6 7
$ 1 2 -  M . 8 6 -  39 .91 -  5 2 .8 5
^ 6 6 -  *+9.00 - . 1+0 . 1+0 -  9 b . b l
$ 2 3 + 17 .50 + 9 .5 2 + 1+2 . 0 5
. $ M t -  9 ^ 7 -  ^ . 5 3 + V8.1+6
$+56 -  3^ .0 0 -  3 0 .8 7  
TABLE b-b
+ O.15
rp to n
( a ) (b ) ( c )
$ n -115  • 7*+ - 1 00 .9 7 -  9 9 .3 0
$112 -  M . 5 5 -  3 9 -5 0 -  5 2 .3 6
$ 6 6 -  ; l f8.72 -  1+0.11 -  93•7^
$ 2 3 + 17 .6 3 + 9 - 6 2 + 1+1 .85
-  9.2k -  i*. + i f7 .68
$ -5 6 -  3 3 -6 8 -  30.>+6 
TABLE. lfC
+ 0 .1 5
ion
( a ) (b ) ( c )
$ 1 1 - 11lf .88 - 1 00 .2 5 -  9 8 .8 8
$ 1 2 -  1+1 .21 -  3 9 .1 5 -  5 1 .8 3
$ 6 6 - -ifS'.Mf -  39-81 -  9 3 -0 0
$ 2 3 + 17-76 + 9 .6 9 + 1+1.61
$ M f -  8 . 9 8 -  1+.6 I+ + if 6 . 8lf
$ 5 6 -  3 2 .8 9 -  3 0 .0 0 + 0.1 if
TABLE lfd
( a )  A n i s o t r o p i c  E i n s t e i n  model
(b )  C o r r e l a t e d  A n i s o t r o p i c  E i n s t e i n  model
( c )  I s o t r o p i c  E i n s t e i n  model
( a )  (b )  (o )  (d )
15.01  1 3 -*+5 1 5 .8 7  1 3 .6 5  ± 1 .0 8
1(2> I f ,72 5 .3 9  >+.29 5 .2 9  ±  0 . 2 5
K  8 .7 8  7 .0 6  1 3 .3 2  7 . 6 5  + 0 . 8 5
( a )  A n i s o t r o p i c  E i n s t e i n  model
(b )  C o r r e l a t e d  A n i s o t r o p i c  E i n s t e i n  model
( c )  I s o t r o p i c  E i n s t e i n  model
(d )  B a r r o n  and K l e i n  1965
St r a i n  dependence  o f  <&/> f o r  t h e  6 -12
I>7) _a l l - n e i g h b o u r  model f o r  ( ■= 1 .00
TABLE 5
A ppend ix
The s t r a i n - d e n d e n d e n c e  o f  a c u b ic  l a t t i c e  
z e r o - p o i n t  e n e r g y .
The s t r a i n - d e p e n d e n c e  o f  t h e  f u n c t i o n  Cue (&je = cO / 3 ) f o l l o w  
from e q u a t i o n s  ( 2 . 2 1 ) - ( 2 . 2 * f ) . S in c e  many l a t t i c e  sums and 
f u n c t i o n s  o c c u r  more t h a n  once i n  t h e s e  e q u a t i o n s ,  i t  i s  
c o n v e n i e n t  t o  quote . ;  them i n  a c o n d en se d  fo rm .  A f t e r  t a k i n g  
t h e  c u b i c  symmetry i n t o  a c c o u n t  we t h u s  o b t a i n :
COe de^j ^Ki, de^
v'SL
192 SijJe _ y ( b ^ J c
COe de£ i  \ d e £
192 £tee  1 ^K£,(\ Gi r , „ p  SKoVl 1
6 P  3 S *  = i  " Kl^ L 3 " ( k c y J J
192 $Coz Jt 1 „ c?Gc f t „ / l
t e l  d ^ 2 = -  K t5 e 1L'3S5[ + 2 ^ i f i 2 -  ^ ( k i S S J J  j  .
192 d3COe V ' f Y j i  1 ck cT ,  Y  Gc j k o Y l l
t e l  "  k ^ t L 3 3 S f i 2 ' “  J j
192 Y c Je  . V  f cf Ji  1 dKi, t  Gi)
t e l  j
192 Y c o e  T ( d 3Jv 1 3Ki Y gcV
3 3 ^  = f  ^ 5 ;
J2i?§4- =Z f-4v (A.1-A.9)Cue d ^ | e 6  ± d e ^ e ^
where
<f J i 36 Y k c  . 12 . i f  <&•
<5553, = i t  3555, + ~F 355i, T ic?Sif£.
1 3  1 j 1 3  1 3
eft Jo _ 36  &K& ^ 12 bz P if & .
^ F ! e k K  aeM e k ^  a e ? e ! e k K‘^ e ! e! e
b^GC _ 18 cf KC 30 $P  . 6 . d 2£
"6e^e . KC <5e|e . p  cJepe . 'def e .
1 j 1 J i j  > 1 j
.The d e r i v a t i v e s  o f  Ki ? 0Cand jS a r e :
^ ^ Kb y .
3  ^  = ^  U
3 *+ 2Su )
3 ^ P 2 = - 8 K  ■
3 1 # =  8 (Lfc+ IfTi )
\3 y .
3 Seij = 8 (3Sc+ 2Ut) 
3 ^ 2 - S ( ^ 2 . c )
3 = 8 ( 2  W3)’dejpe||e3
3  S e f f e ^  = 1 6  ( T i +  ^  }
3 | g p j  = 8 (St+  5Ti+  8Vc) 
3 £ p | i 6 = 16 ( 3Tc+ 8WO
i  doC _ 6 cte  
K i B e p  Kj.3e1
. K l t ^  + 32 § §  2 M o f f  Me]
1, t f 'd  _ 6 Y K i . 19 i  3ko ( LC- 2M3) 
KC3e5e2 ~ Kl<5e?e2 + Kt3e^ Ki + ^8
1  b2Oi _ 6 Y k c  10fl/Mi\2  
K t3 e ^  “  Ki.5e£ " 1 2 8 b t y
f e | r  = | | i f -  g[(U-.2Mt)(Mi+ 2 Qi) .f
+ Mc(Lu- 2ML) + 2(SC - 2Qb ) + (M[,+ 2Q^ )"J 
E ? 3 ^ 2 = l $ p 2 + ^ ^ [ ( L O -  2MO + 2(SC - 2Qj) + (MS+ 2Q
+ lfP; + 2 ( T i -  P i ) ]
+ | | .M i j (M c+  2Qo) + 2(Tt -  P c ) ]
+ t f ^ -  ^ iX T t-  Pi) + Mi(T6+ PpJ
+ t § ( Lt - C ( Li - Mt )  + lf(T£- P‘
+ |^  [ mc(Mo+ IfPo) - (8M0)P^ ]
= f j i f p  + k |  (LC- M c)[(LC-  Mi) + lf(T i-  PC) +2(Mi+ hP6
1 c)3^  _ 6,3 % u
F t o e ^ e ^ 6 K| ‘
1 <)P _ i _ 3  t)Ki
J2> Ki'5e1 “ Kickij
1 £ P  _ l^ ^ p i  _ 3  ft’ Kc
/5 (Je, Kiciie, “ KiHep
i  Y g _ 1, (ft>t _ 3. Y k,'
/3 3 e ? e2 K ;d e p 2 “ Kt"ctei"e2
+ M  M ^L f- Mi) + lf(Tt -  % j]
-  Mi^(M;+ 2Qi) + 2Mi- (L f-  2M i)J
MC(Mi+ 8P£)
j3 f e f p  = " K t§ s f l2 + ^  MltM^ + ( U " 2Mi,)a + Mi(L£- 2Mp)]
jZ  £ |e |e 3 = fesi]b } I3 - K iB ifi|i3 + M^(Lc" MG)
+ ^  ( L i -  2M t)^ (L i-  2Mb)51+ M iJ
$ Is f i^  = ^  MG(LG'  2MG)
1 1 d3 o< 3 <33 Ki '512  , . . . 3
jj -  K i3 5 § ^  -  K? (Ml' )
1 1 <3^ 3 d 5Ki 2 , PH. 3  /« a
]i 3 i f i f 56 = K?35£ S ^ 6 -  U d y y j e 6 + K-3 (A .1 9 - A A 2 )
The s t r a i n  d e r i v a t i v e s  o f  t r £ ( D I ) _ Y j a r e  o b t a i n e d  from e q u a t i o n s  
(2*31 ) - ( 2 . 3 2 )  • W r i t i n g  Z f o r  trj^CDIjLYjwe h a v e ,
oe'-j j l L "
a5z
' £ 3e* + W 35, 35*.TVX'
+[ jp ( $ t )  " F  S p S ( i )  " F  M , W  + & 1)}
2 k ( &  f  ± 1  A 6 M  ( W  WSeJ " P 35^5, + ^  l^ 2
\2 _ / \ 1 ai
§ i f i 2 = ^ { [ - ! ? ( ! ! . , )  - 1  1 3 M 1 ( i ^  +2M f i ) ] F ( i )
+[^(sl^ -|(S 2 +2$ ^ $ a )  - 
+ 2^ (i)J+ }
t ?  z  v r r  2i + / a p  f  2  a5 P  . 18  <^p a :
d e ^ e j e 3 = ^ U '  ~ ?  S5f»5|S3 + " p  ^  ^
. n s / d e f  6  M  i ^ ( i )  _ e  | £  ^ ( i , ) 1 +  ^
2 orP de1 r4  .& a  = Z f t -  I  + £  #  P a l F ( i )  -  5  F ( i )  -  ^3e^5^ i  *•*- ^  & ^®i p p  o .
* %“ j
a3 z  _ v r r  2 a3 P . 6 a §  3 ¥ 7 w - m  2 ^  „ M > 2 a p  F H v
35|5£ - ^ j r  (3 3S|S£ + |3l 3e1 3e£JF(l) p 33£ ^ (l) “ p 3e1 ? i l}
+ FOi) /66 }
^ 6  ’ Z  f ^ 6  F<1) * 5i«. ( A .1+3 - A . 5 3 )
w h e re .
F44( i )
2 f l j \  i M t .  o 3A 3 a 7 1 V  e
3 \Ki d i | i 2 K^deg/ S 5 1 3 e 2j KL ^  g
. y |3Si 3a 3s ?./3a 3a \1
K£|5e.| S e 2 3 e ^ \ d e ^  3 e ^ J
211 , 4^  . -2 6 g \ a] i i  . y r  e:  +  s ^ S B a & g
3 |_Ki 3 5£  + K j t e J j K i ,  ^  s u</* 3 5 ^
ik
Kt k ^ i
2. 2. ,, 
« i A i
2- >2-
"1" IT? k j '  p P'ikS[K+ 16 YiKZjRg; 
**■ It#.- J
fui(D 1 , f t  A 3  clA7?2"^—'2 + T¥4-"r~ —*3[_K;3i| + S f§ i1 § i f i 2 + F 3 5  357i t  S .
+ r;6 3s, r<TA r J b A f i  12 3S2'3"B , 1jdk \* l  K?351 _35f  + K ilSi/Y  Kf 3 5 1 [ 3 5 1  + J
■~£a + i &a T L ! 2 a s ^ r a i x i , (3a  f i
r iV" k * i  
, 2
SlK
. 6 b S,
+ K-fBe^
12 d Sz ckA+ ____________^  V
+ Kf S i f  3 S 0  +  Kf ^'1 k#i
4  // G //, 
3XiKg/ + 2XjKg,r
' i 235e<. . 1 L  3* a 3z B m  3 a \
Iq35f52 + W(2 35f52 + 35f jp51 + 3 5 ^
1 3 a  ( Y  a  . „ o'2 a
[) j t f 'Z- ' .  gi'f+ F 3 5 J 3 5 7  +  2  3 5 f 3 j | i £ - ^  « *
r 32a . Y b .2 3a 3a
i2VlJ,-1 ^=2 v' 3'J1m- k,£i
i l l ; + S;)[2 lifi2 +
2 , ^ f Y A _  * £ 4  + i M t  + ^
1 . / 3 a•A» ,b*® 2o K;we
K t3 e 1l_3e |e3 + 3 5 f  + Kt[35.
. 2 (o S2 5
+ ff lSS*  3 S ? b
2 . 3 a ( £ g ,  + 2 3 Y ,
+ F 3 5 2 r .35 |
h. * 2. //- 4 2 . .
+ I ?  Z  XkZ;Kg;k+ 2X,KY;Kg;
A *. (, k # i MR
F ( i )|23> .
2 f l 3^  , 3 dz A , 6 J 2A ] 1 .  V
3 L K i 3 i ? 5 | 5 3  +  3 i | 5 3  +  T O 2  S S f i J l ?  ^
r \ 2 «
 ^ 6 3s. 
+ F 3 5 1
3 a i ;/ 3 A ^  
b e ^ e ^  Kitbe
12 c ^ i Y a  ^  i , 3 a  3 a  , 
K? 55[  U 5 5 f i2 + K?351 3 5 ^
6 3 s
R 1 2  3 s, 3a 
+ k? 3 5 ^ 2  ,352
3 a
.l, vjege^ de Kr 2Xk \ Zk Sk+1 + k ^ i
W >  = I
£ < £ E  J  M  32a 3a 32b ^  3h Y h  1 1  V  „
Kf b e1 35 £  o i 2 3 5 £  Kj.55^ 3 e | e J  Kl ^  gk
 ^ 2 3s, 3ZA . If 3s2r3zB . 1 Yh Yl. 2 Y s, 3a
+ K-?351 3 5 £  + S ^ I S S f  + i c ^ r  RJ3S£  ^
, i+ 3z s 2 3a , 8  3 b « Y h  . 3a 3h~i 
+ 552 + + a i2 3 5 ^
8 3ZB2? 3H 8 V ' y - r ?  " ,  i '// 
+ 1 2 3 5 ^  3 5 ^  + K? Yj. Y;kZAS/k+ kW ZiK8k
F ( 1 )(66 X
i„33o< . 1 3a 3z a 1 3z b/3a ____
Ic?35f5£ + k(352 35^ + F 3 ^ [ 3 3 1 + 35,/
3a \  
J
v  3h aa H
+ n * %  " ^ F i f .
+ 2 3s, a A 2 
+ k.+352 355 + Ki
1? Z j0 k.m  
3zb
>IK
+ K&S
2 . 3 s, 3a ' . 2  3z s2. d  UO[ 0# # o
+ M , 2 35„ + ic?35%
If 3b  r  ' Z
i J3 h f i f e s ,
kv o ^ J l 3 e ^
~3a  ^ 3a4. -V—
de* ae
b s  2
5e^
1}. IP®*] J
, . 7 3z h i , 3 h  /3a  j 3 a \ 1
+ L2 55^ + ^ 3 5 ^ 3 5 ., * J
}-|- 'VZ r>'3’ -\7~ {f -v-4 0+ 7?* Z j ?Y«Y• g. + X. g.K: r-rl (K iK°ik ik u
32£
8 a2 b* 3h
F (1)
456
+ K-J33|e^ 3 5 ^
1 ..3 3(* , 6  3h 3zh 1 1 .  V  ^
L 3 5 | 5 | 5 6 + n S ^  S i f i j F  * .
.. „ . +  8X?Y?g.'"Ik i*°lk
, 6
+ T O
:25 12 d B23
2 3 5 |5 6 + r ^ / f  i f  3 5 |i;  35^
4 If S  8W k <  (A.jif-A.aif)
k f i
The d e r i v a t iv i e s  o f  As S, s Szs e t c .  in  equations (Ae5^ )-(A .6}f)
are s
3a
35
bA
S i ,
^A
Se
1
8K^M-
1
= 8KC(M-+ 2Q: ) + 32 M;
~ ~ T 2 * * *- , -- f* ''~*1 ... ^
| r | r  = 8K-l (Tl -  Pt ) + 1 6 [ ( L L-  2Mi f  + MI ]  
2 3 
I g 4  = 8Kj£(Lg-  Ml) + lf(Tt -  Pd ) J -  128 (M;,ft 
k"
f g 2  =. *+KLC<Lt-  2Mi) + 2 ( S l -  2 Q i) + (ML+ 2Qt )] + 32Mi.(LL-  
= VKL[ ( L i -  M l) + lf(Tt -  Pl ) + 2(Ml+  lfP£ ) ]
S 1+= “ 8K^
= -  1 6 1 ^ ^ +  2ML(Ll-  2ML)J
1  ■ H*
= -  I fK ^ M if  2(Mt+.2Qt ) -  ( L l-  2Mt ) j -  32M?
6U- 2 2 . /  2. 2. 2. //
= P  Z j X;KZlVq:u+ 2X,.J;KZ;tqt;^ e | e q . k 4 i Ik IK^ -JK Ik IK H“ lK
d Bz5 __ 16 
d e J ^  “ M2- Z 1 2 .  2 4 /  2 . 7 - /  A  x  Hk £ i
d^BzS 1 6 1 -o2 ,  ^ nV2- V2- / , .. /■ v2 V2" <7* U ( A A
3 ik i^k 1 l*k ik iV^ iK ^
Here,>-:
Kj.= i  X  (2f/K+ ^  4 4 )
k^x  J  '
k = i  Z (  I « + 1 4 0
Mt= I Z(4 Rl< + 24 zVl)k ^ i
(Lb- 2M;,)= J  l . ( \ V  2 X ^ )
k ^ i
Sl = iM x t ( 7 f ^ +  2rL £ )k £ i
“1 V~> 2, 2 . /// 2 w.
T(,= 1  X  ^ ( 7 ^ +  2R;k4 )
K^X
Q;.- i  Z ( x t 4 +  x t Y f ,l' )
k ^ i
1 "ST /  7* 3. /// 2. a -2. IV v
Pl = M X /  X>Z, A +  W Y  >>k ^ i
6
ut -  m
1 *sT 6 , IV 2- v NX  X;K(9f,;,+ 2R- f  ) 
k j t i
*1 Ns, 4* 2 jr  ^ v
V i = ±  2L \ z iKO f iK -  "v
k £ i
IV *2 r
+ 2R,y.f )
*1 5sT™ 2 * 2 . 2 . .  IV 2.  vr
Wl= H 4  W k < 9 4 k +  2R;Kf  ) ( A . 89
and  t h e  f u n c t i o n s  %{(£?K) ? h ^ r ? )  and  q-^Cr^) a r e  d e f i n e d  by
e - J Tl )  = 16 4  ( {u f + 16 4 4 4 +  i 2 ( 4 f
„/ ,z
- A . 88)
- A . 9 9 )
q;k(Y .)  = 4 4 +  r f ( 4 f  (A .1 0 0 -A .  102)
w h i l e  g ^ ,  g^', hfK, q!^ e t c .  a r e  t h e i r  d e r i v a t i v e s  w i t h  r e s p e c t  
t o  r j  , e v a l u a t e d  a t  r £  = R*K .
From t h e  s t r a i n  depend en ce  o f  OJ& and Tr  [CDI^’y] t h e  s t r a i n  
d e p en d e n ce  o f  t h e  f i r s t  moment f o l l o w s  from e q u a t i o n  ( 2 . 1 6 ) .  
I n  t h e  p r e s e n t  work o n l y  t h e  f i r s t  two t e r m s  I n  ( 2 . 1 6 )  a r e  
r e t a i n e d  T hus ,
<to> a f a 6 [ 1 .  1  t r J I S D l l J ]  ( A . 103 )
4
Remark on the . j u s t i f i c a t i o n  fo r  the expans ion  ( 2 . 12b)  on page
The e r r o r  made i n  assumming t h a t  the  m a t r i c e s  DI and Y 
commute depends  on th e  m agn i tude  o f  t h e  commutator  o f  DI and Y.
F o r  t h e  f i r s t  few p o s i t i v e  i n t e g r a l  v a l u e s  o f  m we h ave  i n v e s t i g a t e d
m mp
t h e  e r r o r  i n v o l v e d  i n  w r i t i n g  t h e  t r ac e (D I+ Y )  as  t r a c e ( D I )  | I+(DI)YJ . 
We fo u n d  f o r  m e q u a l s  t o  O ' t o  3 th e .  above two e x p r e s s i o n s  g iv e  
i d e n t i c a l  r e s u l t s ,  and o n l y  f o r  v a l u e s  o f  m g r e a t e r  t h a n  3 was 
t h e r e  a d i f f e r a n c e  be tw een  t h e s e  two e x p r e s s i o n s .  The d i f f e r a n c e  
i n v o l v e d  t r a c e s  o f  powers o f  H, where  H i s  t h e  com m uta to r  o f  DI 
and Y ( i . e .  H=(DI)Y-Y(DI) ) .  F o r  example  f o r  m=if,
t r a c e (D I+ Y )  = t r a c e ( D I ) ^ L l + ( E i r * X 3 + t r a c e  (B .1 )
T h is  s u g g e s t s  t h a t  f o r  m=£ t r a c e  (DI+Y)^ i s  o f  t h e  form
t r a c e  (DI+Y)^ = t r a c e  ( D I ^ D M D i T y] ^  + t r a c e  f (H )  . ( B .2 )
Now t h e  e l e m e n t s  o f  H a r e  g i v e n  by
Hi j  = i j  • X7 f '  ^l3 ,^=-1 , 2 , 3  - ; i , j = 1 , 2 ,  ,N ( B ,3 )
where  i f f  a r e  t h e  e l e m e n t s  o f  t h e  m a t r i x  g iv e n  i n  ( 2 . 1 8 ) .  * £ l . s o .
H i s . skew- sym m etr ic  i n  t h e  i n d i c e s  a andp as  w e l l  as  i  and  j .
F o r  a c u b ic  s o l i d  t h e  e l e m e n t s  .o f  H a r e  e q u a l  t o  z e r o  and 
e v en  th o u g h  th e  s t r a i n  d e r i v a t i v e s  o f  H a r e  n o t  e q u a l  t o  z e r o  
t h e y  w i l l  be s m a l l ' b e c a u s e  e ach  e le m e n t  o f  H i s  g i v e n - b y  a 
d i f f e r a n c e  o f  two a lm o s t  e q u a l  q u a n t i t i e s .  T hus ,  t h e  d e r i v a t i v e s  
o f  t r a c e  f (H )  w i l l  be s m a l l .  T h i s  gave us c o n f i d e n c e  i n  t h e  
a p p r o x i m a t i o n
t r a c e  (DI+Y)^ = t r a c e  ( D I ) ^ [ I + ( D I ) ' ‘y] ^  (B.1+)
CHAPTER V
CALCULATIONS OF THE TEMPERATURE DEPENDENCE OF 
THE ELASTIC CONSTANTS '■■■/
1 .  I n t r o d u c t i o n  
*
I n  o r d e r  t o  e x t e n d  t h e  c a l c u l a t i o n s  o f  t h e  p r e v i o u s  c h a p t e r  
t o  non z e r o  t e m p e r a t u r e s ,  t h e  f r e e  e n e rg y  o f  t h e  c r y s t a l  h a s  
t o  be d e t e r m i n e d .  The q u a s i - h a r m o n i c  e l a s t i c  c o n s t a n t s  f o l l o w  
from t h e  s t r a i n  d e r i v a t i v e s  o f  t h e  q u a s i - h a r m o n i c  f r e e  e n e r g y .
I n  t h e  p r e s e n t  c h a p t e r  an  e x p r e s s i o n  i s  d e r i v e d  f o r  t h e  f r e e  
e n e r g y  i n  t h e  l i m i t  o f  h i g h  t e m p e r a t u r e s .
F i r s t ,  we g iv e  a b r i e f  r e v i e w  o f  t h e  m ethods  t h a t  have  
b e e n  employed i n  t h e  p a s t  t o  c a l c u l a t e  t h e  q u a s i - h a r m o n i c  e l a s t i c  
c o n s t a n t s  a t  h i g h  t e m p e r a t u r e s .  B a r r o n  and K l e i n  ( 1 9 6 3 ,6 5 )  u s e d  
t h e  f i r s t  t h r e e  e v en  moments t o  c a l c u l a t e  t h e  s t r a i n  d e p en d e n ce  
o f  t h e  q u a n t i t y  co(o) by i n t e r p o l a t i o n .  The q u a n t i t y  cuCo) was 
d e f i n e d  a s  t h e  c u t - o f f  f r e q u e n c y  o f  a .Debye d i s t r i b u t i o n  h a v in g  
t h e  same z e r o t h  moment a s  t h e  r e a l  one and i s  g i v e n  by 
31na'(o) = 1+3ln<co)> ( f o r  f u l l e r  d e t a i l  see  r e f e r e n c e ) .  But  a s  
t h e y  s t a t e d  t h e  p r o c e d u r e  o n l y  g i v e s  a p o o r  e s t i m a t e  s i n c e  t h e  
e x t r a p o l a t i o n  t o  t h e  z e r o t h  moment i s  c rude*  L lo y d  ( 1 96V) 
c a l c u l a t e d  t h e  e l a s t i c  c o n s t a n t s  by a m o d i f i c a t i o n  o f  t h e  mean 
m o l e c u l a r  f i e l d  method i n t r o d u c e d  by B e the  (1935)  i n t h e  s t u d y  
o f  I s i n g  m ode l .  Feldman e t  a l  ( 1 9 6 9 ) have  c a l c u l a t e d  t h e  e l a s t i c  
c o n s t a n t s  u s i n g  l a t t i c e  d y n a m ics .  I n  t h e i r  method a l l  s t r a i n -  
d e p e n d e n t  t e r m s  i n  t h e  e x p a n s i o n  o f  t h e  d y n a m ic a l  m a t r i x  a b o u t  
t h e  unde fo rm ed  l a t t i c e  s i t e  a r e  c h o se n  a s  t h e  p e r t u r b a t i o n .  The 
s t r a i n - d e p e n d e n t  t e r m s  a r e - t h e n  e v a l u a t e d  by s t a n d a r d  p r e t u r b a t i o n  
t h e o r y  u s i n g  t h e  e i g e n v a l u e s  and  e i g e n v e c t o r s  o f  t h e  undefo rm ed
d y n a m ic a l  m a t r i x  a s  a b a s i s  (Fe ldm an ,  196^ ,  1967) The method 
o f  L loyd  a l s o  i n v o l v e s  p e r t u r b a t i o n  t h e o r y .
H o l t  e t  a l  (1970)  e v a l u a t e d  t h e  f r e e  e n e r g y  o f  a s t r a i n e d  
c r y s t a l  d i r e c t l y  ( i . e .  t h e  f r e e  e n e rg y  was e v a l u a t e d  f o r  
d i f f e r e n t  s t a t e s  o f  s t r a i n )  and t h e  e l a s t i c  c o n s t a n t s  were 
o b t a i n e d  by n u m e r i c a l  d i f f e r e n t i o n .  The a d v a n ta g e  o f  t h i s  
a p p ro a c h  i s  t h a t  i t  a v o i d s  t h e  u s e  o f  p e r t u r b a t i o n  t h e o r y  i n  
e v a l u a t i n g  t h e  s t r a i n  d e r i v a t i v e s  o f  t h e  f r e e  e n e r g y  and 
i n c i d e n t a l l y  much o f  t h e  t e d i o u s  a l g e b r a  a s s o c i a t e d  w i t h  
F e ld m a n ’ s (1967)  m ethod .
I n  t h e  p r e s e n t  c h a p t e r  a 'm e th o d  i s  d e v e l o p e d  t o  c a l c u l a t e  
t h e  q u a s i - h a r m o n ic  f r e e  e n e rg y  o f  a c r y s t a l  i n  t h e  l i m i t  o f  h i g h  
t e m p e r a t u r e s .  We b e g i n  w i t h  t h e  u s u a l  h i g h  t e m p e r a t u r e  e x p a n s i o n  
f o r  t h e  v i b r a t i o n a l  f r e e  e n e rg y  o f  a sys tem  o f  o s c i l l a t o r s  
( T h i r r i n g  1913? 191*0*
A l l  t h e  t e r m s  e x c e p t  t h e  f i r s t  t e rm  i n  ( 1 . 1 )  c an  be i n  
p r i n c i p l e  c a l c u l a t e d  from t h e  t r a c e s  o f  t h e  d y n a m ic a l  m a t r i x .  
I n  t h e  l i m i t  T ^ c o  o n ly  t h e  f i r s t  t e rm  i n  t h e  e x p a n s i o n  i s  o f  
im p o r t a n c e  and y e t  i t  i s  t h e  most  d i f f i c u l t  one t o  e v a l u a t e .
P r e v i o u s l y ,  many a u t h o r s  . ( L e i b f r i e d  and Ludwig 1 9 6 1 , 
G h a te  1965) h ave  u s e d  t h e  a p p r o x i m a t i o n
2n W  
2n ( 2n ) j l
Where t h e  a r e  t h e  B e r n o u l l i  numbers w i th
2  I n  (CM ) = 4  2  l n ( W i ) a « ;  \  I n  jua
i  . i
(1 . 2 )
f i r s t  i n t r o d u c e d  by Born  and B ra d b u rn  (19*+3)« B u t ,  i t  i s  w e l l  
known- R a re  Gas S o l i d s  c h a p t e r  6 -  t h a t  ( 1 . 2 )  i s  a p oor  
a p p r o x i m a t i o n .  Here  a more . a c c u ra t e  method i s  d e v e l o p e d  t o  
e v a l u a t e  t h i s  t e r m .
2 .  T h e o r y . f
U n le s s  o t h e r w i s e  s t a t e d  t h e  symbols  o c c u r r i n g  i n  t h e  
p r e s e n t  c h a p t e r  have  t h e  same meaning  and d e f i n i t i o n  a s  t h o s e  
i n  c h a p t e r  3 •
The h a rm on ic  f r e e  e n e rg y  o f  a sys tem  o f  o s c i l l a t o r s  i n  t h e  
l i m i t  o f  h i g h  t e m p e r a t u r e s  i s  d e n o te d  by and i s  g i v e n  by
T h i s  may be  p u t  i n t o  a more c o n v e n i e n t  form u s i n g  t h e  f a c t
c o n s i d e r e d  a s  a sum o f  two m a t r i c e s :  D I ,  r e p r e s e n t i n g  t h e  f r e e
i =1
( 2 . 1 )
1 2,t h a t  I n cui = 75 InCUo and
( 2 . 2 )
i
H e n c e ,
7  = 3NkT I n  \  kT I n  d e t $ ( 2 . 3 )
As s u g g e s t e d  i n  c h a p t e r  3 t h e  d y n a m ica l  m a t r i x  <0 may be
sys tem  and Y, r e p r e s e n t i n g  t h e  c o r r e l a t i o n .  I n  t h i s  way 0
i s  w r i t t e n  a s
$  = (DI + X) (2  A )
and  d e t  <0 a s
d e t  $  = d e t  ( D I ) [ l+ ( D I ) " ‘zl = d e t  (DI)  d e t  Cl+(DI)“' d  ( 2 . 5 )
R e c a l l i n g  t h e  d e f i n i t i o n s  and D w e 'h a v e
d e t  (DI)  = d e t  DN = ^  ( 2 . 6 )
L e t t i n g  t o  be t h e  e i g e n v a l u e s  o f  t h e  m a t r i x  [ ( D I ) ' yJ , t h e  
t h e  e i g e n v a l u e s  o f  t h e  m a t r ix p + ( D I ) " “' y]  a r e  ( 1 + p ^ ) .
Hence ,
d e t  [ > ( D l f Y ]  = J J  ( 1 + f O  ‘ ( 2 ^ )
i
S u b s t i t u i n g  f o r  d e t  $  i n  ( 2 . 1 )  g i v e s
7? = 3HkT I n  | j  + ^  I n  ^  X  I n  ( 1 + / ^ )  ( 2 . 8 )
The l a s t  t e r m  in. ( 2 . 8 )  may be e x p an d e d .
T h u s ,  2 oo
7  p i  + M  i ^ U n t r  [ ( D I ) ' 'Y ] n  ( 2 . 9 )
The f i r s t  t e r m  on t h e  r i g h t h a n d  s i d e  o f  ( 2 . 9 )  r e p r e s e n t s  t h e  
A n i s o t r o p i c  E i n s t e i n  J^odel  w h i l e  t h e  second  t e r m  g i v e s  t h e  
c o n t r i b u t i o n  due t o  c o r r e l a t i o n  e f f e c t s  t o  t h e  f r e e  e n e r g y .
From t h e  d i s c u s s i o n ,  i n  s e c t i o n  3*1 o f  C h a p te r  3 i t  would  
be  r e c a l l e d  t h a t  i f  t h e  c o r r e l a t i o n  e f f e c t s  a r e  n e g l e c t e d  
a l t o g e t h e r  and t h e  s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n  i s  u s e d ,  ( 2 *9 ) 
r e d u c e s  t o  t h e  a p p r o x i m a t i o n  ( 1 . 2 )  o f  Borii and  B ra d b u rn  (19**-3) 
The l e a d i n g  te rm  i n  t h e  e x p a n s i o n  i n  ( 2 . 9 )  i s  t h a t  o f  t r  C(DI) YJ 
s i n c e  t r  £ ( D I ) ' Y ] i s  e q u a l  t o  z e r o .
i 2To s i m p l i f y  t h e  c a l c u l a t i o n s  ( s i n c e  t r  [ (D I)  YJ h a s  a l r e a d y  b e en  
worked o u t  i n  c h a p t e r  3 ) o n l y  t h e  l e a d i n g  te rm  i n  ( 2 . 9 ) i s  
r e t a i n e d .  Hence ,  f o r  t h e  p u r p o s e  o f  t h e  p r e s e n t  work t h e  f r e e
e n e r g y  i s  g i v e n  by
t r K D i f i f ( 2 . 1 0 )
3•  Cubic  C r y s t a l  u n d e r  I s o t r o p i c  P r e s s u r e .
The v i b r a t i o n  c o n t r i b u t i o n  t o  t h e  i s o t h e r m a l  e l a s t i c  
c o n s t a n t s  may be o b t a i n e d  by t a k i n g  t h e  a p p r o p r i a t e  s t r a i n  
d e r i v a t i v e s  o f  t h e  f r e e  e n e r g y  a t  c o n s t a n t  t e m p e r a t u r e s .  F o l l o w i n g  
t h e  p r o c e e d u r e  o f  C h a p te r  3 t h e  f i r s t ,  s econd  and  t h e  t h i r d  
d e r i v a t i v e s  o f  t h e  f r e e  e n e r g y  w . r . t .  t h e  s t r a i n  a t  c o n s t a n t  
t e m p e r a t u r e  may be o b t a i n e d .  T h u s ,  t h e  f i r s t  d e r i v a t i v e  i s ,
3MkT [  i p M y3> ]  ( 3 - D
S i m i l a r l y  h i g h e r  d e r i v a t i v e s  o f  7  may be  o b t a i n e d .  E x p l i c i t
e x p r e s s i o n s  f o r  t h e  d e r i v a t i v e s  o f  fi> and  t r  [ ( d J ^ Y ]  h a v e  a l r e a d y
b e e n  worked o u t  i n  t h e  a p p e n d ix  t o  C h a p te r  3 .
F o r  n o n - z e r o  t e m p e r a t u r e s  t h e  i s o t h e r m a l  and  a d i a b a t i c  
e l a s t i c  c o n s t a n t s  a r e  d i f f e r e n t  . I n  s e c t i o n  6 o f  C h a p t e r  1 i t  
h a s  b e e n  shown t h a t  f o r  a c u b i c  c r y s t a l  u n d e r  i s o t r o p i c  p r e s s u r e  
t h e  seco nd  o r d e r  a d a b a t i c  and  i s o t h e r m a l  e l a s t i c  c o n s t a n t s  a r e  
r e l a t e d  by
rQ<^ r 150 _ r acl n‘so -
°11 “ 11 “ 1 2 " 12 >
-  C &  =o . ( 3 . 2 )
where CV i s  t h e  h e a t  c a p a c i t y ,  V t h e  volume and  t h e
therm odynam ic  G r u n e i s e n  p a r a m e t e r .  From t h e  h i g h  t e m p e r a t u r e  
e x p a n s i o n s  f o r  y  , C ( s e e  e . g .  B a r ro n  and K l e i n  19&5) a n a  t h e  
i s o t h e r m a l  e l a s t i c  c o n s t a n t s  t h e  a d i b a t i c  e l a s t i c  c o n s t a n t  may
be d e t e r m i n e d .  A l s o ,  i n  C h a p te r  1 i t  h a s  b e e n  shown t h a t  t h e  
t h i r d  o r d e r  a d a b a t i c  and i s o t h e r m a l  e l a s t i c  c o n s t a n t s  a r e  
r e l a t e d  by ,
C*11 -C^ 11 = CS112-C ^12 = C*23- c!J23 = TC//V -  V [ (S p/C)V)s -  (bVbv)T
= ^ 6 6  " A  66 = Cif56_C‘+?6 =0 ( 3 ‘3 )
The d i f f e r e n c e  (b p /6 v ) s — ( 5 p/ d v ^ j C a n  n o t  be e x p r e s s e d
i n  t e r m s  o f  s im p le  therm odynam ic  q u a n t i t i e s .  Here we w i l l  be 
o n l y  c o n c e r n  w i t h  t h i r d  o r d e r  i s o t h e r m a l  e l a s t i c  c o n s t a n t s .
T h u s ,  i n  t h e  l i m i t  o f  h i g h  t e m p e r a t u r e s  we f i n d ,
$  = ^ ( v i b )  + 0  (T~*)
P = P(L) + V ( v i b )  + 0  (T rl)
Ci j  = Ci j (L)- + A j ( v i b > + 0  (T_1)
°Ti j k  = A j k ( v i b )  + 0  (T"> ;  ( 3 A )
The h i g h  t e m p e r a t u r e  e x p a n s i o n s  f o r  t h e  c t  . a r e  :
= C ^ . d . )  + 3 1 M £ y 3 ( Vi b )  + ( y ( v ib ) J  ]+ 0  ( T '1)
Cs12 = C1 2 (L) + ^ p { / £ ( v l b )  + W ( v i b i f j + 0  ( T ( 3 *?)
if. C a l c u l a t i o n s .
i f . 1 N e a r e s t - n e i g h b o u r  m od e l .
I f  we make t h e  a p p r o x i m a t i o n  o f  c e n t r a l ,  n e a r e s t - n e i g h b o u r  
i n t e r a c t i o n s  o n ly  and t h e  e q u i l i b r i u m  p o s i t i o n  i s  t a k e n  a s  
t h a t  o f  t h e  s t a t i c  l a t t i c e _ t h e n  t h e  f r e e  e n e r g y  i s  g i v e n  by
i n  (kT) 3 .5 2 9  ( ^ / M ) s • The e x a c t  v a l u e  i n  t h e  same 
c i r c u m s t a n c e s  i s  3NkT/2 I n  (kT)7" 3*385 (0'VM)^ (Fe ldman and 
H o r to n  1967 ) • Hence t h e  p r e s e n t  model  g i v e s  r e s u l t s  a c c u r a t e  
t o  w i t h i n  b%.
The e x p r e s s i o n s  f o r  t h e  e l a s t i c  c o n s t a n t s  e v a l u a t e d  a t  
t h e  s t a t t i c  l a t t i c e  e q i l b r i u m  r e d u c e s  t o  a form d i s p l a y e d  i n  
T a b l e s  1 -2  which  a l l o w s  c o m p a r i s i o n  w i t h  t h e  r e s u l t s  o f ^ o f h e r  
w o r k e r s .  I t  c an  be s e e n  from T a b le  1 t h a t  t h e  r e s u l t s  g i v e n  
by t h e  a n i s o t r o p i c  E i n s t e i n  model e s t i m a t e s  t h e  c o r r e c t  
m a g n i tu d e  o f  t h e  l e a d i n g  t e r m s .  F u r t h e r ,  when c o r r e l a t i o n  
e f f e c t  i s  t a k e n  i n t o  a c c o u n t  t h e  r e s u l t s  a r e  i n  good a g re e m e n t  
w i t h  t h e  p r e v i o u s  s t u d i e s .
*f.2 A l l - n e i g h b o u r  m ode l .
The p o t e n t i a l  f u n c t i o n  c o n s i d e r e d  was t h e  M ie - L e n n a r d ? J o n e s  
( 6 , 1 2 )  p o t e n t i a l  i n  t h e  form g i v e n  i n  C h a p te r  3 . The r e s u l t s  
a r e v d i s p l a y e d  i n  T a b l e s  3-*+* H o l t  e t  a l  (1970)  have  made a 
s t u d y  o f  t h e  e l a s t i c  c o n t a n t s  from M o n te -C a r lo  com pu te r  
e x p e r i m e n t s .  A l s o ,  t h e y  have  made a c o m p a r i s i o n  w i t h  t h e  
r e s u l t s  o b t a i n e d  u s i n g  q u a s i - h a r m o n i c  l a t t i c e  dy nam ics  and 
C e l l  m od e l .  - T h e i r  r e s u l t s  a r e  p r e s e n t e d  i n  t a b l e  3 t o g e t h e r  
w i t h  t h e  r e s u l t s  o b t a i n e d  from t h e  method p r e s e n t e d  h e r e  f o r  
a r g o n  a t  60K. E x c e p t  f o r  t h e  r e s u l t  f o r , / #  ( v i b )  o u r  r e s u l t s  
a r e  i n  f a i r  ag re em e n t  w i th  t h e  Monte C a r lo  m e tho d .  The p o o r  
r e s u l t  i n  t h e  c a se  o f  ^3(vib)  i s  p r o b a b l y  due t o  t h e  e x c l u s i o n  
o f  t h e  anharm onic  f r e e  e n e rg y  i n  o u r  c a l c u l a t i o n s .
I n  t a b l e  b  t h e  r e s u l t s  f o r   t h e  • . t h i r d  o r d e r  e l a s t i c
constants  o f  argon at 80K and 21+A3 cm3 mole * (Gibbons e t  a l  1973) 
are presented. The r e s u l t s  o f  model (a) ando(b) suggest that  
higher order co r r e la t io n  terms may be important. The e f f e c t  
o f  these terms and those o f  the anharmonic free  energy on the 
e l a s t i c  constants  remains to be in v e s t ig a te d .
5 .  C o n c lu s io n
I n  t h e  p r e c e e d i n g  c h a p t e r s  we have  i n v e s t i g a t e d  t h e  
c o n t r i b u t i o n s  o f  t h e  l o n g - r a n g e  n o n - c e n t r a l  t h r e e - b o d y  f o r c e s  
t o  t h e  e l a s t i c  c o n s t a n t s  o f  t h e  i n e r t  g a s  s o l i d s  Ne, A, Kr and  
Xe. I f  t h e  o n ly  i m p o r t a n t  l o n g - r a n g e  many-body f o r c e s  a r e  t h e  
t h r e e  -body  f o r c e s  t h e n  i t  i s  c l e a r  from t h e  d i s c u s s i o n s  o f  
C h a p t e r  2 t h a t  t h e i r  z e r o - p o i n t  e f f e c t s  m ust  a l s o  be  i n c l u d e d  
i n  t h e  c a l c u l a t i o n s  f o r  t h e  t h i r d  o r d e r  e l a s t i c  c o n s t a n t s
I t  h a s  b e e n  a l s o  shown t h a t  a n i s o t r o p i c  E i n s t e i n  model 
(AE) g i v e s  r e a s o n a b l y  good r e s u l t s  f o r  t h e  v i b r a t i o n s l  e n e r g y  
c o n t r i b u t i o n  t o  t h e  e l a s t i c  c o n s t a n t s .  Now, i t  i s  w e l l  known 
(Hare  Gas S o l i d s  1970) t h a t  any c a l c u l a t i o n  i n v o l v i n g  t h e  
many-body f o r c e s  h a s  t o  be t r e a t e d  a s  an  a l l - n e i g h b o u r  m o d e l .
The AE model which  i s  an  a l l - n e i g h b o u r  model c a n  e a s i l y  be 
m o d i f i e d  t o  c a l c u l a t e  t h e  many-body s e r o - p o i n t  e n e r g y  (ZPE) 
c o n t r i b u t i o n  t o  t h e  e l a s t i c  c o n s t a n t s .  The many-body p o t e n t i a l  
c an  e a s i l y  be i n c o r p o r a t e d  i n t o  t h e  a l r e a d y  d e s c r i b e d  AE model  
i n  t h e  p r e s e n t  work b u t  a t  t h e  e x p e n se  o f  e x t r a  a l g e b r a .
A l s o ,  i t  h a s  b e en  shown t h a t  i n  t h e  c a s e  o f  2 -b o d y  
i n t e r a c t i o n  d e s c r i b t i o n  o f  t h e  RGC t h e  c o n t r i b u t i o n  o f  ZPE i s  
o f t e n  l a r g e r  t h a n  t h e  s t a t i c . . .  l a t t i c e  c o n t r i b u t i o n  f o r  some 
o f  t h e  P e r h a p s  t h i s  i n d i c a t e s  t h a t  t h e  c o n t r i b u t i o n  o f  t h e
a n h a rm o n ic  z e r o - p o i n t  e n e r g y  m ust  a l s o  be i n c l u d e d  i n  t h e  
c a l c u l a t i o n s .  T h i s  may be a c h i e v e d  by d e v e l o p i n g  an  a n h arm on ic  
AE model which  i n  p r i n c i p l e  would  be j u s t  t h e  g e n e r a l i z a t i o n  
o f  t h e  anharm on ic  i s o t r o p i c  model ( i . e .  which  u s e s  
s p h e r i c a l i z a t i o n  a p p r o x i m a t i o n )  a l r e a d y  d e s c r i b e d  e l s e w h e r e  i n  
t h e  l i t e r a t u r e  ( Z u c k e r ,  1956,  196^ ,  1968 ) .  The same a p p r o a c h  
may a l s o  be u s e d  i n  c a l c u l a t i n g  t h e  an harm on ic  ZPE c o n t r i b u t i o n s  
t o  t h e  s e c o n d - o r d e r  e l a s t i c  c o n s t a n t s  o f  an harm on ic  s o l i d  
l i k e  Ne. The above p r o c e d u r e  may be a l s o  e x t e n d e d  t o  c a l c u l a t e  
t h e  c o n t r i b u t i o n  o f  t h e  v i b r a t i o n a l  an harm on ic  f r e e  e n e r g y  
t o  t h e  e l a s t i c  c o n s t a n t s  a t  h i g h  t e m p e r a t u r e s .
To sum m arise ,  i t  seems t o  us  t h a t  an  E i n s t e i n  model  c o r r e c t e d  
f o r  a n i s o t r o p y . a n d  c o r r e l a t i o n  e f f e c t s  g i v e s  r e s u l t s  which  
compare  v e r y  f a v o u r a b l y  w i t h  p r o p e r  l a t t i c e  dynamic c a l c u l a t i o n s .  
I n  a d d i t i o n  t h e  AE model  w i t h  c o r r e l a t i o n  e a s i l y  e n co m p asse s  
many-body f o r c e s ,  and t h e  model  w i t h o u t  c o r r e l a t i o n  g i v e s  
good r e s u l t s  f o r  anharm onic  e f f e c t s .  I n  b o t h  t h e s e  c a s e s  
s t a n d a r d  l a t t i c e  dynamics  can  o n l y  a c c o m p l i s h  su ch  c a l c u l a t i o n s  
w i t h  immense c o m p u l a t i o n .  P e r h a p s  t h i s  i s  an  a p p r o p r i a t e  p o i n t  
t o  q u o t e  t h e  ’f o l l o w i n g  rem a rk  :
"More s o p h i s t i c a t e d  t h e o r i e s  t r e a t  anha rm on ic  p e r t u r b a t i o n s  
a n a l y t i c a l l y  ( t h e  a c t u a l  c a l c u l a t i o n s  r e q u i r e  f a s t  
c o m p u te r s )  b u t  seem c o m p l i c a t e d  enough t o  a t t r a c t  few 
f o l l o w e r s . "
A .C .  HOLT 1 97 0 .
Thus i t  a p p e a r s  t o  us  w or th  p u r s u i n g  t h e  AE model f o r  f u r t h e r  
c a l c u l a t i o n s .
/ J
7m >3? >3 7'•*2.
. > a 2 . 0 0 - 1 .5 - 5 . ° - 2 1 . 5
r-* •b 2 . 0 0 - 1 .625 -5 .125 -30.125
2 d ^ ( v ib )
c 2 . 0 0 - 1 .667 - -
.d • 2 . 0 0 - 1 . 6 6 9 - -
a 1 . 0 0 -1 .25 -if . 0 0 - 8 .5
1 . 0 0 -1.1875 “^.875 — 1 if. 186
24 ^ ( v i b )
c 1 . 0 0 -1.1667 - -
d 1 . 0 0 *- 1 . 1 5 5 - -
J a 1 . 0 0 -0 .5 0 . 0 - 6 .5
b 1 . 0 0 - 0 . 6 2 5 1.5 -8 .375
24j3 (v ib)
c 1 . 0 0 - 0 . 6 2 5 - -
-d ‘ 1 . 0 0 - 0 . 6 3 6 - -
>&.(vib) a r e  o f  t h e  form 7m *54 -f>2y a-s. Vaa/ \*a:/
a A n i s o t r o p i c  E i n s t e i n  model 
b C o r r e l a t e d  A n i s o t r o p i c  E i n s t e i n  model
3jc 5$C
c L loyd  ( 196^)
d Feldman e t  e l  ( 1969 ) !
The s t r a i n  d ependence  o f  t h e  F r e e  e n e r g y  i n  t h e  l i m i t  
o f  h i g h  t e m p e r a t u r e  f o r  t h e  n e a r e s t - n e i g h b o u r  c e n t r a l
f o r c e  model
TABLE 1
J$C
We t h i n k  t h a t  t h e  number g i v e n  by Fe ldman a s  - 1 . 5 5  s h o u l d  
be - 1 .1 55  and t h a t  i t .  h a s  been  a m i s p r i n t .
* v r e s u l t s  t a k e n  from p a p e r  by Feldman e t  e l  1969*
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/3/2. ( v i b )
AE C o r r e l a t e d  Monte
AE C a r l o
*
3.26
6 . 7
-5.*+5
17.33
5 .1 8
3 .1 9
1 + .1
- 3 . 7 2
2 . 5
1*+. 25
6 . MS
2 . 8 2
3.*f
0 . 3
2 A 3
1 0 .5 7
7.k-
L a t t i c e
dynamic
3 . 1 8
1 .73
■2J+7
1 .8
11 .83
7 .6
C e l l *
model
2.90
8 .0 3
- 2 .8
5 .5
1 5 .7
^ •9
Here  AE s t a n d s  f o r  A n i s t r o p i c  E i n s t e i n  model 
* H o l t  e t  e l  1970.
j g ^ ( v i b )  i s  t h e  c o n t r i b u t i o n  t o  t h e  a d i a b a t i c  e l a s t i c  c o n s t a n t
The c o n t r i b u t i o n  o f  t h e  v i b r a t i o n a l  F r e e  e n e r g y  
a t  t h e  h ig h  t e m p e r a t u r e  l i m i t  t o  t h e  s e co n d  o r d e r  
e l a s t i c  c o n s t a n t s  f o r  Argon a t  60K f o r  t h e  6 -1 2  a l l - n e i g h b o u r
model
TABLE 3
AE
model
A  ^ i b )
#„2 ( v i b )
# 23 ( v i b )  
# 4 4 ( v i b )
( v i b )
# , s6 ( v i b )
- 5 7 . 2 2
-59-97
1 9 .9 0
102 .8
C o r r e l a t e d
AE
model
- 5 7 .9 1
- 1 6 . 2 5
- ^ 2 . 1 2
- 5 5 . 3 5
1 5 .2 9
The v i b r a t i o n a l  e n e r g y  c o n t r i b u t i o n  t o  t h e  i s o t h e r m a l  
t h i r d  o r d e r  e l a s t i c  c o n s t a n t s  a t  t h e  h i g h  t e m p e r a t u r e  
l i m i t  f o r  Argon a t  80K f o r  t h e  6 -1 2  a l l - n e i g h b o u r
model
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